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Abstract
We perform a complete analysis of one-loop threshold corrections to the gauge
couplings of fractional D6-branes. This includes besides SU(N) also symplec-
tic, orthogonal and massless Abelian gauge factors and the full computation
of contributions from discrete and continuous Wilson lines and brane displace-
ments. Two classes of globally consistent supersymmetric compactifications
with Standard Model spectra on T 6/Z6 and T
6/Z′6 are presented in detail
with the latter exhibiting the potential of supersymmetry breaking via a hid-
den sector gaugino condensate. The T 6/Z′6 Standard Models are completely
classified, and it turns out that out of 768 distinct D6-brane configurations
only 16 different sets of massless spectra and ten distinct values of gauge cou-
plings at one-loop arise. The gauge threshold corrections enhance the diversity
to 196 nonequivalent models.
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1 Introduction
Over the past years, many supersymmetric vacua with Standard Model gauge group on
intersecting D6-branes have been constructed, for an extensive list see the reports [1–3]1,
and it has been argued that gauge coupling unification can occur if the volumes of the
cycles wrapped by the Standard Model branes fulfill some relations [27]. In [28] however,
we found that at tree level at the string scale, the Standard Model gauge couplings of the
three generation models without chiral exotics on the background T 6/Z′6 do not fulfill this
relation. Threshold corrections to the gauge couplings can change the setting in a favorable
way, especially if the string scale is close to the Planck scale.
At string tree level, in [28] we found only three different ratios of gauge couplings at the string
scale and associated chiral spectra supporting the Standard Model. Taking into account
stringy one-loop effects takes us a step further to understanding if these vacua are indeed
identical within the string landscape or do display different phenomenological properties
and four dimensional effective actions, and if any pattern of correlations is visible. We will
address this question by performing a complete survey of three generation Standard Model-
like vacua without chiral exotics in the T 6/Z′6 background. Especially in the view of results
like [28–30] that suggest large amounts of Standard Model-like solutions the question how
many of them can actually be distinguished phenomenologically becomes very relevant. It
is to be expected that one-loop corrections will show differences between models that look
1Early non-supersymmetric models with intersecting or magnetised branes can e.g. be found in [4–12]
and some early supersymmetric intersecting brane vacua are presented in [13–17] with non-chiral spectra
and with chiral spectra in [18–25]. For a recent supersymmetric model on a smooth Calabi-Yau manifold
see [26].
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identical from the perspective of chiral matter content and gauge groups. We will see that
this is indeed the case.
From a more technical point of view, threshold corrections provide the first non-trivial con-
tributions to couplings from orbifold singularities. They furnish thus checks if Ka¨hler metrics
and field theoretic quantities are computed correctly using other methods such as scattering
amplitudes. Furthermore, threshold corrections reappear as prefactors in certain instanton
calculations.
Gauge threshold corrections for intersecting D6-branes have been considered before in toroi-
dal backgrounds [31–33] for vanishing Wilson line and displacement moduli. In [3], contin-
uous Wilson lines in the T-dual picture with D9-branes have been included for the annulus
amplitude, and in [32–34] gauge thresholds have been computed for rigid D6-branes at van-
ishing angles and three non-trivial angles, for the T-dual formulation see also [35]. In this
article, we complete the classification of gauge threshold contributions by including the an-
nulus and Mo¨bius strip amplitudes for arbitrary values of displacement and Wilson line
moduli and computing the missing amplitudes with one vanishing angle in a background
which contains a Z2 subgroup. We apply these formulae to the explicitly known T
6/Z6 and
T 6/Z′6 Standard Model-like spectra [24, 28, 36, 37] and discuss their dependence on Ka¨hler
and open string moduli. We also clarify how RR tadpole cancellation is reformulated in a
short and elegant way in the gauge thresholds for orbifold backgrounds and how the missing
assignments of symplectic and orthogonal gauge groups to orientifold invariant D6-branes
is performed using their beta-function coefficients, which are obtained in the string loop
computation of gauge thresholds.
Gauge threshold corrections for D3-branes at singularities have recently been discussed in [38,
39]. These results, as well as the gauge corrections on heterotic orbifolds [40], differ from
our results in that the discrete angles appearing in the amplitudes are solely due to the
orbifold rotation, whereas the amplitudes in the present context contain relative angles
among different D6-branes as well as Z2 orbifold rotations.
This paper is organized as follows. In section 2 we set the notation for fractional D6-branes
in the toroidal orientifold backgrounds T 6/(Z2N × ΩR) under consideration and comment
on modifications for T 6/(Z2N × Z2M × ΩR) with discrete torsion. We proceed by outlining
the general procedure of threshold computations for SU(N) gauge groups in section 3. In
section 4 we summarize the results of the computation for SU(N) groups and treat the
special cases of Sp(2M), SO(2M) and U(1) factors in detail. To illustrate our results we
will apply them to some explicit examples with Standard Model-like spectra on the orbifold
backgrounds T 6/Z6 and T
6/Z′6 in section 5. In section 6 the results of a statistical analysis
of the ensemble of models with Standard Model spectrum on T 6/Z′6 are presented. We finish
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with our conclusions in section 7 and collect various technical details of the computations in
the appendices A to C.
2 Fractional D6-branes
2.1 Geometry and bulk three-cycles
We consider D6-branes wrapped on fractional three-cycles of a T 6/Z2N background
2 with a
factorized six-torus, T 6 ≃ T 21 ×T 22 ×T 23 . Each two-torus T 2i must respect the orbifold as well
as the orientifold symmetry. The situation for a Z2 or Z4 symmetry is depicted in figure 1,
for a Z3 or Z6 symmetry see figure 2.
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Figure 1: The two lattices T 2i which are invariant under a Z2 symmetry. In both cases, the geometric
part of the orientifold action is π2i
R→ −π2i, and by introducing b = 0, 1/2 for the rectangular and
tilted torus, respectively, π2i−1
R→ π2i−1−(2b)π2i. On the b-type or tilted lattice, two Z2 fixed points
(1,4) are invariant under the orientifold projection, whereas the other two (2,3) are exchanged. The
tori are also invariant under a Z4 symmetry if the radii are related by R1 = (1− b)R2.
The basic one-cycles along the ith two-torus T 2i are labeled by π2i−1 and π2i. A factorizable
toroidal three-cycle a is fully specified by its wrapping numbers (nai , m
a
i ) along these basic
one-cycles. The Z2N symmetry acts on the complex torus coordinates, zi = x2i−1 + i x2i for
i ∈ {1, 2, 3}, as
θ : zi −→ e2piivizi, (1)
with some shift vector ~v such that 2N~v ∈ Z3. θ permutes the basic one-cycles on T 2i leading
to orbifold image cycles (θka)k=0...N−1 for some cycle a with wrapping numbers of the orbifold
2The generalization to T 6/Z2N × Z2M orbifolds with discrete torsion is straightforward as discussed in
the text.
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Figure 2: The two lattices T 2i which are invariant under a Z3 or Z6 rotation. The only Z6 invariant
point is the origin. There are two more Z3 invariant points 2 and 3 which are exchanged under
the Z2 sub-symmetry, and a triplet of Z2 fixed points labeled by 4,5,6. On the A-type lattice, the
orientifold projection acts on the one-cycles as (π2i−1, π2i)
R→ (π2i−1, π2i−1 − π2i). On the B-type
lattice, the orientifold symmetry exchanges the basic one-cycles, π2i−1
R↔ π2i. The Z2 fixed points
(4, 5, 6) are mapped under the orientifold projection to (4, 6, 5) for the A- and (5, 4, 6) for the
B-type lattice, respectively.
images (n
(θka)
i , m
(θka)
i ). One can construct an orbifold invariant bulk three-cycle as
Πbulka =
N−1∑
k=0
θk
(⊗3i=1 (nai π2i−1 +mai π2i))
=
N−1∑
k=0
(
⊗3i=1
(
n
(θka)
i π2i−1 +m
(θka)
i π2i
))
.
(2)
For intersecting D6-branes on the T 6/Z4 orbifold, bulk cycles have been constructed in [20],
for T 6/Z6 in [24] and for T
6/Z′6 in [37, 41]. For the T
6/Z4 × Z2 orbifold the bulk cycles can
be found in [22].
Furthermore, the orientifold symmetry ΩR containing a geometric involution on the six-
torus,
R : zi → zi, (3)
acts non-trivially on the lattices and provides an image cycle a′. As detailed examples, the
wrapping numbers for all image cycles in the T 6/Z6 background on the AAB lattice are
explicitly given in section 5.1.1 and for T 6/Z′6 on the ABa lattice in section 5.2.1.
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2.2 Intersection numbers and fractional cycles
The toroidal cycle intersection numbers for cycles a and b are given by
Iab =
3∏
i=1
I
(i)
ab =
3∏
i=1
(
naim
b
i −mai nbi
)
, (4)
and orbifold invariant combinations, i.e. bulk cycle intersection numbers, on T 6/Z2N are
obtained by a superposition,
Πbulka ◦ Πbulkb = −2
N−1∑
k=0
Ia(θkb). (5)
For a T 6/ZM orbifold with M odd, the orbifold images have to be counted from k = 0 to
M − 1, the factor two is absent in (5), and the toroidal cycle intersection numbers fully
determine the (chiral plus non-chiral) massless spectrum and prefactors of the open string
annulus and Mo¨bius strip one-loop amplitudes.
In the presence of two Z2 sub-symmetries such as on T
6/Z2N × Z2M , the factor 2 in (5) is
replaced by a factor of 4 = 22 and a double sum
∑N−1
k=0
∑M−1
l=0 occurs, see e.g. the discussion
in [42] for the case N =M = 1 and [22] for (N,M) = (2, 1).
T 6/Z2N (and T
6/Z2N × Z2M with torsion) backgrounds also have contributions from Z2
twisted sectors: in a T 6/Z2N background, there exist also exceptional three-cycles which
are stuck at the Z2 fixed points of the orbifold group element θ
N along a four-torus and
wrap a one-cycle along the remaining two-torus. For concreteness, throughout this article
we choose the Z2 subgroup as ~vZ2 =
1
2
(1, 0,−1) which agrees with the T 6/Z′6 case discussed
in sections 5.2 and 6. For any other orbifold, e.g. the T 6/Z6 case also considered in this
article in section 5.1, the labels of the two-tori have to be permuted in an appropriate way.
Labeling Z2 fixed points along T
2
1 × T 23 by α˜β˜ as depicted in figures 1 and 2, the orbifold
invariant exceptional three-cycles take the form
Πexa = (−1)τ
0
a
N−1∑
k=0
θk

∑
α˜β˜
(−1)τ1α˜+τ3β˜ eα˜β˜ ⊗ (na2π3 +ma2π4)


= (−1)τ0a
∑
α˜β˜
(−1)τ1α˜+τ3β˜
N−1∑
k=0
eθk(α˜)θk(β˜) ⊗
(
n
(θka)
2 π3 +m
(θka)
2 π4
)
,
(6)
where τ 0a ∈ {0, 1} parameterizes an overall sign (“Z2 eigenvalue”), and τ iα˜ ∈ {0, 1} encode
possible discrete Wilson lines on the two-torus T 2i where Z2 acts, and eα˜β˜ denote exceptional
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two-cycles at the Z2 orbifold fixed points α˜β˜. For more details on the assignment of Z2
fixed points and Wilson lines see appendix A.1. Exceptional three-cycles for intersecting
D6-branes on the T 6/Z4 orbifold were constructed in [20], for T
6/Z6 in [24] and for T
6/Z′6
in [37, 41].
The intersection number among exceptional three-cycles on T 6/Z2N is given by
Πexa ◦ Πexb = −2
N−1∑
k=0

∑
α˜β˜
(−1)τ
0
a+τ
0
b+τ
1
α˜a
+τ1α˜b
+τ3
β˜a
+τ3
β˜b δα˜a,(θkα˜b) δβ˜a,(θkβ˜b) I
(2)
a(θkb)


≡ −2
N−1∑
k=0
IZ2
a(θkb)
.
(7)
More details on the computation of the Z2 invariant intersection numbers I
Z2
a(θkb)
are displayed
in appendix A.1. When generalizing to a T 6/Z2N ×Z2M orbifold with torsion, three different
twisted sectors associated to the three Z2 sub-symmetries have to be taken into account, the
factor of two in (7) is replaced by four and a double sum occurs just like for the bulk part,
and the over-all signs per twist sector will depend on the choice of torsion.
The intersection numbers for fractional three-cycles on T 6/Z2N
Πfrac ≡ 1
2
(
Πbulk +Πex
)
(8)
are given by a linear combination of bulk and exceptional intersections,
Πfraca ◦ Πfracb = −
N−1∑
k=0
Ia(θkb) + I
Z2
a(θkb)
2
. (9)
Fractional three-cycles for intersecting D6-branes on the T 6/Z4 orbifold were constructed
in [20], for T 6/Z6 in [24] and for T
6/Z′6 in [37, 41]. Again, for T
6/Z2N × Z2M with discrete
torsion the formula is modified by summing over three Z2 twisted sectors and dividing by
four instead of two as discussed for the most simple case with N = M = 1 in [42].
In [28], we showed how to derive the complete massless spectrum from the individual in-
tersection numbers including all special cases when the intersection number along some
two-torus vanishes. Since the multiplicities of states, which are reproduced for convenience
in appendix A.2, appear in the beta-function coefficients, they serve as an indicator for the
correct prefactors in the computation of the threshold corrections, which are then cross-
checked by verifying the cancellation of tadpoles in the threshold computation and for the
RR vacuum amplitudes.
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2.3 Consistency conditions
A consistent string vacuum fulfills the RR tadpole cancellation condition which can be writ-
ten in terms of three-cycles Πa,Πa′ and ΠO6 wrapped by D6-branes a, their orientifold images
a′ and by the O6-planes, ∑
a
Na (Πa +Πa′)− 4ΠO6 = 0. (10)
Since it will be necessary later on in sections 3.4 and 3.5 to show the absence of tadpoles
in the expressions for one-loop threshold corrections to the gauge couplings, we recall here
that as a consequence of the RR tadpole condition (10), any model is automatically free of
non-Abelian SU(Na)
3 gauge anomalies,
0 = Πa ◦
(∑
b
Nb (Πb +Πb′)− 4ΠO6
)
= −1
2
(∑
b
Nb
N−1∑
k=0
(
Ia(θkb) + Ia(θkb′)
)− 4 2N−1∑
k=0
I˜ΩRθ
−k
a
)
− 1
2
∑
b
Nb
N−1∑
k=0
(
IZ2
a(θkb)
+ IZ2
a(θkb′)
)
,
(11)
where the bulk and the exceptional sums in the last two lines vanish separately. Similarly,
when replacing one one-cycle intersection number I(i) by a symmetric expression V (i) per
term where
Vab =


R1
R2
nanb + R2
R1
(ma + bna)(mb + bnb) a or b− torus
1√
3
(2nanb + namb +manb + 2mamb) A or B− torus
, (12)
and defining
κab ≡
N−1∑
k=0
(
I
(1·2)
a(θkb)
V
(3)
a(θkb)
+ I
(1·3)
a(θkb)
V
(2)
a(θkb)
+ I
(2·3)
a(θkb)
V
(1)
a(θkb)
)
,
κ˜a,ΩR ≡
2N−1∑
k=0
(
I˜ΩRθ
−k,(1·2)
a V˜
(3)
a,ΩRθ−k + I˜
ΩRθ−k,(1·3)
a V˜
(2)
a,ΩRθ−k + I˜
ΩRθ−k,(2·3)
a V˜
(1)
a,ΩRθ−k
)
,
λab ≡
N−1∑
k=0
I
Z2,(1·3)
a(θkb)
V
(2)
a(θkb)
,
(13)
the following sums vanish upon RR tadpole cancellation (10),
0 =
∑
b
Nb (κab + κab′)− 4 κ˜a,ΩR,
0 =
∑
b
Nb (λab + λab′) .
(14)
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More details on the relation between the RR tadpole cancellation, anomaly condition and
the latter expressions are given in appendix A.4.
For a = b along some two-torus T 2, Vab as defined in (12) measures the length La of a
one-cycle in units of α′,
Vaa =
(La)
2
Vol(T 2)
with v ≡ Vol(T
2)
α′
=


R1R2
α′
a or b− torus
√
3
2
r2
α′
A or B− torus
. (15)
The expressions involving some ΩRθ−k invariant plane are analogous to those for the D6-
branes where a quantity with a tilde contains the number NO6i = 2(1 − bi) of identical
O6-planes per two-torus T 2i ,
I˜ΩRθ
−k,(i)
a ≡ 2(1− bi)IΩRθ
−k,(i)
a , V˜a,ΩRθ−k ≡ 2(1− bi)V (i)a,ΩRθ−k . (16)
Finally, the computation of untwisted RR tadpole cancellation in terms of tree level ampli-
tudes takes the form
∑
a,b
NaNb
N−1∑
k=0
(
3∏
i=1
V
(i)
a(θkb)
+
3∏
i=1
V
(i)
a(θkb′)
)
− 4
∑
a
Na
2N−1∑
k=
3∏
i=1
V˜
(i)
a,ΩRθ−k + 8
2N−1∑
k=0
3∏
i=1
V˜
(i)
ΩR,ΩRθ−k = 0,
(17)
where more details can be found in Tables 20 and 21 in the appendix. The twisted part is
the same as the second line in (14).
In order to generalize the above equations to the T 6/Z2N ×Z2M cases with discrete torsion,
three independent types of twisted contributions, double sums, different normalizations and
signs of exotic O6-planes appearing in models with torsion have to be taken care of.
A generic D6-brane configuration must fulfill a second topological condition besides the RR
tadpole cancellation (10), the K-theory constraint. For compactifications on smooth Calabi-
Yau manifolds, the constraint is equivalent to the probe brane argument [43], which states
that for any probe D6-brane carrying an Sp(2)-gauge factor, the following condition must
hold ∑
a
NaΠa ◦ Πprobe ∈ 2Z. (18)
For orbifold backgrounds T 6/Z2N , this condition is necessary, but at present it is unclear if
it is also sufficient. Since it has been shown in [36] for T 6/Z6 and in [37] for T
6/Z6′ that
the probe brane constraint (18) is fulfilled for any solution to the RR tadpole cancellation
conditions, we will not discuss this second topological constraint further in this article.
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A toroidal three-cycle is N = 1 supersymmetric if the sum over the three angles π φ(i) with
respect to the ΩR invariant axis along the two-tori T 2i is zero,
3∑
i=1
φ(i)a = 0 mod 2, (19)
and N = 2 supersymmetric sectors arise if one of the angles vanishes. A generic fractional
three-cycle preserve N = 1 supersymmetry if the bulk part is supersymmetric and the excep-
tional cycles stem only from the four Z2 fixed points traversed by the toroidal cycle with only
three independent signs corresponding to the Z2 eigenvalue and two discrete Wilson lines.
More details on these assignments can be found in appendix A.1. N = 2 supersymmetry on
fractional branes arises only if the angle on the Z2 invariant two-torus vanishes, vanishing
angles on the four-torus where Z2 acts cannot lead to any supersymmetry enhancement. In
the case of a T 6/Z2N × Z2M background, all sectors are at most N = 1 supersymmetric,
and 23 = 8 fixed points with three choices of discrete Wilson lines and two independent Z2
eigenvalues appear for a given choice of discrete torsion.
When the toroidal three-cycles are given in terms of wrapping numbers, the angles with
respect to the ΩR invariant x2i−1-axis along T 2i are obtained from
tan
(
πφ(i)a
)
=


mi+bini
ni
R2
R1
a or b− torus
√
3 mi
2ni+mi
A
1√
3
mi−ni
mi+ni
B
, (20)
leading to the relation
I
(i)
ab cot
(
πφ
(i)
ab
)
= V
(i)
ab , (21)
which will be needed later on in section 3.4. Here, we used the fact that all relative angles
among different three-cycles are obtained from the ones relative to the ΩR-invariant x2i−1-
axis,
φ
(i)
ab ≡ φ(i)b − φ(i)a . (22)
The angles appearing in the Mo¨bius strip amplitudes are defined in a similar way,
φ
(i)
a,ΩRθ−k ≡ φ(i)ΩRθ−k − φ(i)a . (23)
Observe that since φ
(i)
ΩR = 0 we have φ
(i)
a,ΩR = −φ(i)a with a minus sign.
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3 Threshold corrections to the gauge couplings
The gauge couplings of an SU(Na) gauge factor at energy scale µ are up to one-loop given
by
8π2
g2a(µ)
=
8π2
g2a,string
+
ba
2
ln
(
M2string
µ2
)
+
∆a
2
, (24)
where the tree level value for a non-Abelian gauge group supported on a stack of D6a-branes
is obtained from the dimensionless length of the wrapped three-cycle,
1
αa,string
≡ 4π
g2a,string
=
MPlanck
2
√
2kaMstring
∏3
i=1
√
V
(i)
aa
c
, (25)
with V
(i)
aa defined in (12), c = 1 for toroidal D6-branes and c = 2 for the fractional D6-branes
on T 6/Z2N considered in this article (c = 4 for rigid D6-branes on T
6/Z2N×Z2M such as e.g.
for N = M = 1 in [42]) and ka = 1 for SU(Na) gauge factors (for SO(2Na) and Sp(2Na)
gauge groups one has ka = 2 since the orientifold images of the corresponding branes are not
counted separately).3
The one-loop running due to massless open string states is described by the beta function
coefficients which were derived in [28] by field theory considerations to be of the form
bSU(Na) = −Na
(
3− ϕAdja)+∑
b6=a
Nb
2
(
ϕab + ϕab
′
)
+
Na − 2
2
ϕAntia +
Na + 2
2
ϕSyma (26)
for an SU(Na) gauge group factor. The multiplicities ϕ of the various allowed representations
are discussed in detail in appendix A.2.
For symplectic gauge factors Sp(2Mx) of rank Mx, the one-loop running is determined by
bSp(2Mx) = (Mx + 1)
(−3 + ϕSymx)+ (Mx − 1)ϕAntix +∑
a6=x
Na
2
ϕax (27)
as discussed in more detail in appendix A.3. For Sp(2)x ≃ SU(2)a, formula (27) withMx = 1
matches (26) with Na = 2 as required.
3In order to obtain the canonical formulation in terms of N = 1 supergravity theory and extract the
moduli dependence of the gauge kinetic function, it is necessary to redefine the dilaton and complex structure
moduli appropriately as e.g. done for the T 6/Z2 × Z2 backgrounds in [34, 44] and for magnetized branes
in [45–47]. For our purpose of obtaining concrete values for the gauge couplings, however, it is sufficient to
work with the original string theoretic quantities.
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Although SO(2My) gauge groups do not appear in the explicitly treated examples in this ar-
ticle, for completeness we note that their field theoretically derived beta function coefficients
take the form
bSO(2My) = (My − 1)
(−3 + ϕAntiy)+ (My + 1)ϕSymx +∑
a6=y
Na
2
ϕay. (28)
For Abelian U(1)a factors inside a U(Na) gauge group, the beta function coefficients take
the form
bU(1)a = Na
(∑
b6=a
Nb
(
ϕab + ϕab
′
)
+ 2 (Na + 1)ϕ
Syma + 2 (Na − 1)ϕAntia
)
, (29)
and for a massless U(1)X gauge group defined by
U(1)X =
∑
i
xiU(1)i (30)
with some numerical coefficients xi, the beta function coefficient is given by
bU(1)X =
∑
i
x2i bU(1)i + 2
∑
i<j
NiNjxixj
(
−ϕij + ϕij′
)
. (31)
Massive string states contribute to the gauge threshold correction ∆a. The CFT computation
below will take into account all, massless and massive, string excitations,
ba +∆a =
∑
b
(T A(D6a, D6b) + T A(D6a, D6b′))+ T M(D6a, O6), (32)
where T A and T M denote the threshold amplitudes with annulus and Mo¨bius strip topology,
respectively, and the sum runs over all D6-branes in the model. For orbifold actions other
than Z2, each amplitude decomposes into a sum over orbifold images just as the multiplicities
ϕ of representations in table 19 do. For example, on a T 6/Z2N background the annulus
contribution to the gauge threshold of SU(Na) from strings stretching between branes a and
b is
T A(D6a, D6b) =
N−1∑
k=0
(
TA,1I
a(θkb)
+ TA,Z2
a(θkb)
)
, T M(D6a, O6) =
2N−1∑
k=0
TMa , (33)
where the first term descends from the torus and the second term arises at Z2 fixed points.
The individual contributions TA,insertion
a(θkb)
are discussed below.
13
3.1 Background field method and known results
In [31, 32], threshold corrections for toroidal intersecting D6-branes without (continuous)
Wilson lines and displacements were computed using the method of introducing a magnetic
background field B along the non-compact directions and expanding the oscillator contri-
butions to the closed string tree channel amplitudes to second order in B. The resulting
non-compact oscillator contributions to the amplitudes for SU(Na) gauge factors are of the
form
πqa
∂2
∂B2
B
ϑ
[
α
β
]
ϑ
[
1/2
1/2
](arctan(πqaB)
π
, τ)
∣∣∣
B=0
=− π2q2a
{(
1
3
+
1
6
E2(τ)
)
ϑ
[
α
β
]
(0, τ)
η3(τ)
+
1
2π2
ϑ′′
[
α
β
]
(0, τ)
η3(τ)
}
,
(34)
where primes denote derivatives with respect to the first argument of the Jacobi theta func-
tions, E2 is an Eisenstein series and τ = 2il for the annulus and 2il− 12 for the Mo¨bius strip.
qa denotes the charge of an open string endpoint, and if contributions from aa
′ strings are
computed, one has to replace q2a → q2a + q2a′ . α ∈ {0, 1/2} labels the NS-NS and RR sector
contributions, β ∈ {0, 1/2} the 1I and (−1)F insertions of the GSO projector. Our conven-
tions on Jacobi theta functions as well as useful identities are summarized in appendix B.1.
As discussed below, for supersymmetric configurations the first term in the last line of (34)
vanishes when summing over α and β, and only the second term contributes non-trivially to
the computation of threshold corrections to the gauge couplings.
A discussion of the most simple orbifold background, T 6/Z2×Z′2, admitting rigid branes for
three non-vanishing angles or all angles vanishing, but not one zero-angle, appears in [34].
For anomalous Abelian gauge factors, besides (34), there is a second kind of contribution [31]
− π2qaqa′
{
1
3
[1− E2(τ)]
ϑ
[
α
β
]
(0, τ)
η3(τ)
− 1
π2
ϑ′′
[
α
β
]
(0, τ)
η3(τ)
}
, (35)
where again only the last term can give a non-vanishing contribution, which is proportional to
the universally present term in (34), when the sum over spin structures in a supersymmetric
set-up is performed.
The vacuum annulus and Mo¨bius strip diagrams from which the RR tadpole cancellation
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conditions and NS-NS tadpoles arise are in the tree channel of the form
A(D6a, D6b) ∼
∫ ∞
0
dl
∑
(α,β)
(−1)2(α+β)ϑ
[
α
β
]
(0, 2il)
η3(2il)
Ainsertioncompact (α, β; {φ(i)}; 2il),
M(D6a, O6) ∼
∫ ∞
0
dl
∑
(α,β)
(−1)2(α+β)ϑ
[
α
β
]
(0, 2il − 1
2
)
η3(2il − 1
2
)
M insertioncompact (α, β; {φ(i)}; 2il − 12),
(36)
where α, β ∈ {0, 1/2} label the different spin structures, {φ(i)} = {φ(1), φ(2), φ(3)} are the
angles on the three two-tori, and Ainsertioncompact and M
insertion
compact are the contributions from the
three complex compact dimensions. Since 1I and the Z2 subgroup preserve any D6-brane
configuration, these are the two non-vanishing possible insertions in the loop channel annulus
amplitude. For the Mo¨bius strip, an open string with endpoints on brane a and its orientifold
image (θka′) is invariant under the loop channel insertions ΩRθ−k and ΩRθ−k+N . For a
supersymmetric brane configuration,
∑3
i=1 φ
(i) = 0 on toroidal orbifolds, the sum over all
spin structures of the vacuum amplitudes vanishes.
Since the first term in (34) is proportional to the non-compact part of the vacuum am-
plitude, the sum over spin structures in the threshold computation involving this expres-
sion vanishes upon supersymmetry, and only the non-compact contributions containing
second derivatives of some Jacobi theta functions need to be considered. Furthermore,
ϑ
[
1/2
1/2
]
(0, τ) ≡ −ϑ1(0, τ) = 0 and ϑ′′
[
1/2
1/2
]
(0, τ) ≡ −ϑ′′1(0, τ) = 0, and it suffices again to
compute the sum over three spin structures (α, β) ∈ {(0, 0), (1/2, 0), (0, 1/2)}.
In the following, we discuss the contributions per two-torus to the vacuum and threshold
amplitudes for the cases with vanishing and non-vanishing angles as well as the role of the
Z2 loop channel insertion. Special attention goes to the so far neglected cases of continuous
Wilson lines and distances since the latter can render N = 2 matter multiplets massive.
3.2 Contributions to the annulus amplitudes per two-torus
There exist four different possible types of contributions per two-torus T 2i to the annulus
amplitudes:
[i ] the two branes a and b under consideration are parallel and the loop channel amplitude
has a 1I insertion,
[ii ] the branes are parallel and the loop channel amplitude has a non-trivially acting Z2
insertion,
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[iii ] the branes intersect at some non-trivial angle φ(i) and the loop channel insertion is 1I,
[iv ] the branes intersect at some non-trivial angle φ(i) and the amplitude has a Z2 insertion
in the loop channel which acts non-trivially on T 2i .
Cases [i] and [iii] appear for all kinds of bulk, fractional or rigid branes, see e.g. [31,32,34],
whereas [ii] and [iv] only appear for fractional or rigid branes, see e.g. [34]. Our special
attention goes to branes with continuous Wilson lines or parallel displacements as well as to
the case with one vanishing angle which have to our knowledge not been studied in detail
before in the literature.
Up to some constant prefactors which will be determined later, the various oscillator and
lattice contributions per two-torus in the tree channel are
[i] V
(i)
ab L˜(i)A,ab(l)
ϑ
[
α
β
]
(0, 2il)
η3(2il)
,
[ii] δσiab,0 δτ iab,0
ϑ
[
α+1/2
β
]
ϑ
[
0
1/2
] (0, 2il),
[iii] I
(i)
ab
ϑ
[
α
β
]
ϑ
[
1/2
1/2
](φ(i)ab , 2il),
[iv] I
Z2,(i)
ab
ϑ
[
α+1/2
β
]
ϑ
[
0
1/2
] (φ(i)ab , 2il).
(37)
The lattice contributions L˜(i)ab (l) in [i] will be discussed in some detail in section 3.2.1. The
contribution [ii] is only present if there is no relative Wilson line τ iab = |τ ia − τ ib | ∈ [0, 1] since
this amounts to having a relative minus sign between two otherwise identical contributions
from the two Z2 invariant points traversed by the one-cycle. Similarly, a relative distance
σiab = |σia−σib| ∈ [0, 1] among two branes implies that they do not pass through the same Z2
fixed points, and the corresponding amplitude vanishes. For case [iv], one has to distinguish
the case (nai , m
a
i ) = (n
b
i , m
b
i) mod 2 or not. In the first case, the reasoning is the same as for
vanishing angles, I
Z2,(i)
ab = 2 δσiab,0 δτ iab,0, whereas otherwise two one-cycles intersect in exactly
one Z2 invariant point such that I
Z2,(i)
ab = ±1. The derivation of the correct signs and some
more details on the counting of Z2 invariant intersection numbers are given in appendix A.1.
In the following section, we will discuss the lattice contributions L˜(i)ab (l) in some detail.
In section 3.4, the complete contribution of an annulus amplitude with D6-branes at one
vanishing angle, i.e. (φ,−φ, 0) or some permutation of tori, will be discussed in detail and
the missing combinatorial prefactor computed by comparison with the field theory result for
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the beta function coefficient. The remaining amplitudes are listed in detail in appendix C
in tables 22 and 23, and their contributions to the beta function coefficients and gauge
thresholds is given in table 24, where also the vanishing of tadpoles in the gauge threshold
amplitudes upon summation over all D6-branes is demonstrated.
3.2.1 Computation of lattice contributions for continuous Wilson lines and dis-
placements
The computations of gauge thresholds for bulk branes in [31, 32] have been performed for
vanishing distances and Wilson lines. In [34], for the case of rigid branes, discrete distances
and Wilson lines were taken into account. We will now discuss the case with continuous
distances and Wilson lines which can appear both for bulk and fractional branes, but not
rigid ones.
Open strings stretching between stacks of branes parallel along a two-torus with relative
distance σab = |σa − σb| ∈ [0, 1] and relative Wilson line τab = |τa − τb| ∈ [0, 1] have masses
proportional to
M2mn(a, b) =
1
Vab
[
1
v
(
m+
τab
2
)2
+ v
(
n +
σab
2
)2]
, (38)
where m and n are momentum and winding numbers, respectively, Vab the dimensionless
(length)2 of the one-cycle where the branes are parallel, as defined in equation (12), and the
volume v of the corresponding two-torus in units of α′ is given in (15) for the various shapes
of the lattice. The index (i) for the ith two-torus will be suppressed throughout the whole
section.
In the loop channel, the annulus lattice sum per two-torus is given by
LAab(t) =
∑
m,n∈Z
exp
(−2πtM2mn(a, b)) , (39)
for which a modular transformation to the tree channel is performed by means of the Poisson
resummation formula, ∑
k∈Z
e−pix(k+
y
2
)2 =
1√
x
∑
n∈Z
e−
pi
x
n2+piiny, (40)
with (x, y) = ( 2t
vVab
, τab) and (
2tv
Vab
, σab) and the modular transformation parameter for the
annulus t = 1
2l
.
The tree channel annulus lattice sum per two-torus takes thus the form
L˜Aab(l) =
∑
m,n∈Z
exp
{
−πl Vab
(
v m2 +
1
v
n2
)
+ πi (mτab + nσab)
}
. (41)
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For vanishing relative distances σab = 0 and no relative Wilson line τab = 0, this expression
agrees with previous computations, see e.g. table 4 in [8].
In order to integrate the lattice sum, it is convenient to decompose (41) into a constant term
and three sums,
L˜Aab(l) ≡ 1 + LA(Vab, τab, σab, v; l)
= 1 + 2
∞∑
m=1
cos(πmτab)e
−pil Vabvm2 + 2
∞∑
n=1
cos(πnσab)e
−pil Vabn2/v
+ 4
∞∑
m,n=1
cos(πmτab) cos(πnσab)e
−pil Vab(v m2+n2/v).
(42)
The constant term contributes to the tadpole, and the three sums to the gauge threshold
corrections. For τab = σab = 0, they also contribute to the beta function coefficients.
As discussed in the following section 3.4, the computation of the threshold amplitudes neces-
sitates to integrate the lattice sums (42). Using dimensional regularization as in [32], these
integrals are of the form
∫ ∞
0
dl lεe−l·A =
Γ(1 + ε)
A1+ε
with A = πVab ×


v m2
n2/v
vm2 + n2/v
, (43)
resulting in
Vab
∫ ∞
0
dllεLA(Vab, τab, σab, v; l) =
Γ(1 + ε)
(πVab)ε
(
1
v1+ε
2
π
∞∑
m=1
cos(πmτab)
m2+2ε
+ v1+ε
2
π
∞∑
n=1
cos(πnσab)
n2+2ε
+
4
π
∞∑
m,n=1
cos(πmτab) cos(πnσab)
(v m2 + n2/v)1+ε
)
.
(44)
The first two sums are finite for ε→ 0 and are in this limit Fourier cosine series,
2
π
∞∑
k=1
cos(πkx)
k2
= π
(
1
3
− x
(
1− x
2
))
for 0 ≤ x ≤ 2. (45)
The third sum is divergent for τab = σab = 0 and ε → 0, but finite otherwise. In order to
find a closed expression, we make use of the following resummation formulas for C > 0 (see
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e.g. the appendix in [48] for more general cases),
4
∞∑
j=1
cos(θj)
j2 + C2
= − 2
C2
+
2π
C
cosh((π − θ)C)
sinh(πC)
,
∞∑
j=1
1
(j2 + C2)1+ε
= − 1
2C2+2ε
+
1
2Γ(1 + ε)
{
4 π1+ε
C
1
2
+ε
∞∑
r=1
|r| 12+εK 1
2
+ε [2πCr]
+
√
π
Γ(1
2
+ ε)
C1+2ε
}
,
(46)
with Ks[z] a modified Bessel function of the third kind and Γ(z) the Gamma function defined
in appendix B.2, equation (173). Furthermore, formula (44) fulfills a modular invariance
property under the transformation (τab, σab, v)↔ (σab, τab, 1v ).
For (τab, σab) 6= (0, 0) and ε→ 0, the integrated lattice sum (44) can be simplified to include
only one summation using the first formula in (46),
Vab
∫ ∞
0
dlLA(Vab, τab, σab, v; l) =
π
v
(
τ 2ab
2
− τab + 1
3
)
+ 2
∞∑
k=1
cos(πkσab) cosh(πk
τab−1
v
)
k sinh(pik
v
)
= − ln
∣∣∣∣∣e−piτ2ab/(4v)ϑ1(
σab−iτab/v
2
, i
v
)
η( i
v
)
∣∣∣∣∣
2
= − ln
∣∣∣∣∣e−piσ2abv/4ϑ1(
τab
2
− i v σab
2
, iv)
η(iv)
∣∣∣∣∣
2
,
(47)
where in the second equality the product expansion (162) of the Jacobi theta functions was
used and in the third line the modular transformation properties (165) for the first Jacobi
theta and the Dedekind eta function.
Using the second formula in (46) with C = v m for τab = σab = 0 and summing also over m
leads to
4 Γ(1 + ε)v1+ε
π(πVab)ε
∞∑
j,m=1
1
(j2 + (v m)2)1+ε
=− 2 Γ(1 + ε)
π (πVab)ε
1
v1+ε
ζ(2 + 2ε)
+
8
√
v
V εab
∞∑
m=1
1
m1/2+ε
∞∑
r=1
|r| 12+εK 1
2
+ε [2πmv|r|]
+
2√
π
Γ(1
2
+ ε)
(πvV )ε
ζ(1 + 2ε)
=
(
1
ε
+ γ − ln 2
)
−
(
1
v
+ v
)
π
3
− ln (2πvVab η4(iv))+O(ε),
(48)
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with the Riemann zeta function ζ(z) given in appendix B.2 equation (173) and the special
values Γ(1) = 1, ζ(2) = pi
2
6
,K 1
2
[2πx] = 1
2
√
x
e−2pix and well as
Γ( 1
2
+ε)√
pi
= 1−(γ+2 ln 2) ε+O(ε2).
In order to extract the one-loop running due to massless strings, the dimensional regulariza-
tion is given the interpretation of a ratio of scales,
1
ε
+ γ − ln 2 ≡ ln
(
Mstring
µ
)2
. (49)
Our choice of regularization differs from the one in [32] slightly. With respect to their
definition, our ratio of scales is replaced by
Mstring
µ
→
√
eγ
2
Mstring
µ
≈ 0.94 · Mstring
µ
, and a
constant proportional to γ − ln 2 ≈ −0.116 is removed from the threshold contributions.
Combining the explicitly evaluated sums (45), (47) and (48) in (44) leads to the lattice
contributions to the gauge threshold corrections,
Vab
∫ ∞
0
dlLA(Vab, τab, σab, v; l) = δτab,0 δσab,0 ln
(
Mstring
µ
)2
− δτab,0 δσab,0 ln
(
2πvVab η
4(iv)
)
− (1− δτab,0 δσab,0) ln
∣∣∣∣∣e−piσ2abv/4ϑ1(
τab
2
− i v σab
2
, iv)
η(iv)
∣∣∣∣∣
2
.
(50)
For the discrete Wilson line and displacement values τab, σab ∈ {0, 1}, the last line can be
rewritten to match the results in [34], and upon T-duality it matches the formula in [3] for
D9-branes with continuous Wilson lines.
In the following section, the analogous discussion for the Mo¨bius strip is presented, and
afterwards in section 3.4 the threshold computation for D6-branes parallel along a two-torus
are presented in some detail, as well as how the integrals discussed in this section arise and
the correct prefactor for each annulus and Mo¨bius strip amplitude will be determined by
comparison with the field theoretically derived beta function coefficients and by imposing
tadpole cancellation among all threshold amplitudes. In appendix B tables 20 and 21, we
verify that these prefactors are indeed those obtained by RR tadpole cancellation of the
vacuum amplitudes.
3.3 The Mo¨bius strip contributions per two-torus
The Mo¨bius strip contributions to the gauge threshold corrections are computed in a similar
manner to the annulus except for some subtleties concerning the lattice contributions. Strings
stretching between brane a and the orientifold image (θka′) are invariant under the two
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insertions of ΩRθ−k and ΩRθ−k+N . In contrast to the annulus amplitude, both insertions
lead to untwisted tree channel amplitudes. This is already known from the RR tadpole
computation since the O6-planes do not wrap any exceptional cycles. One therefore has to
distinguish only the contributions per two-torus for the cases with vanishing angle and at
angle φ
ΩRθ−k,(i)
a :
[1 ] brane a is parallel to the ΩRθ−k invariant O6-plane on the ith two-torus
V˜
(i)
a,ΩRθ−kL˜Ma (τ (i)aa′ , σ(i)aa′ , vi; l)
ϑ
[
α
β
]
(0, 2il − 1
2
)
η3(2il − 1
2
)
, (51)
[2 ] brane a is at angle φ
(i)
a,ΩRθ−k to the ΩRθ−k invariant O6-plane on T 2i
IΩRθ
−k,(i)
a
ϑ
[
α
β
]
(0, 2il− 1
2
)
ϑ
[
1/2
1/2
] (φ(i)a,ΩRθ−k , 2il − 12). (52)
For vanishing Wilson lines and displacements, τa = σa = 0, the lattice contributions have
been studied before, see e.g. table in the appendix of [8]. In this case, the annulus loop
channel expression (39) is the same as the Mo¨bius strip one for a square torus, but for a
tilted torus, only half of the winding states are invariant under the orientifold projection
while all momentum states remain invariant,
LMa,0(t) =
∑
m,n∈Z
exp
(
−2πt M˜2mn,0(a, a′)
)
with M˜2mn,0(a, a
′) =
2
V˜aa′
[
1
v˜
m2 + v˜n2
]
, (53)
with V˜aa′ = 2(1 − b)Vaa′ and v˜ = v1−b and b = 0, 1/2 for the rectangular and tilted torus as
before. The modular transformation with Mo¨bius strip parameter t = 1
8l
leads to the tree
channel expression
L˜Ma,0(l) =
∑
m,n∈Z
exp
{
−2πl V˜aa′
(
v˜ m2 +
1
v˜
n2
)}
, (54)
which has the same shape as the annulus sum when replacing (v, V )→ (v˜, 2V˜ ). Pictorially,
one can read off that the relative distance between a brane a and its orientifold image a′
is σaa′ = 2σa, and T-duality arguments similarly give the relative Wilson line of orientifold
image branes τaa′ = 2τa. The invariance properties are unchanged when these continuous
parameters are switched on,
L˜Ma (l) =
∑
m,n∈Z
exp
{
−2πl V˜aa′
(
v˜ m2 +
1
v˜
n2
)
+ πi (mσaa′ + nτaa′)
}
. (55)
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The Mo¨bius strip integral relevant for the threshold corrections thus reads
2 V˜aa′
∫ ∞
0
dlL˜Ma (l) =2 V˜aa′
∫ ∞
0
dl + δσaa′ ,0 δτaa′ ,0 ln
(
Mstring
µ
)2
− δσaa′ ,0 δτaa′ ,0 ln
(
4πv˜V˜aa′ η
4(iv˜)
)
− (1− δσaa′ ,0δτaa′ ,0) ln
∣∣∣∣e−piσ2aa′ v˜3/4ϑ1( τaa′2 − iσaa′2 v˜, iv˜)η(iv˜)
∣∣∣∣2 .
(56)
Since Wilson lines τa and distances from the origin σa are defined modulo 2, the cases with
discrete values in {0, 1} both lead to the known results for τaa′ = σaa′ = 0, whereas to our
knowledge the case for continuous parameters on D6-branes has not been discussed in the
literature. The full Mo¨bius strip correction from branes parallel to their orientifold images
along one two-torus will be computed in section 3.5.
3.4 The full annulus threshold computation for one vanishing an-
gle
In this section, the computation of the gauge threshold contribution from D6-branes parallel
along one two-torus and at supersymmetric angles on the remaining four-torus is presented
in detail. The relevant constant prefactor is derived using the known form of the contribution
of massless strings to the beta function coefficients. The discussion for D6-branes parallel
everywhere or at angles on the whole six-torus is analogous, and the results are collected in
appendix B.2 and C in tables 22, 23 and 24.
Two kinds a and b of D6-branes can be either parallel along the Z2 invariant direction, or
parallel along one of the two complex directions where Z2 acts non-trivially. The correspond-
ing contributions to the beta function coefficient of a SU(Na) gauge group are according to
the massless states in appendix A.2
bSU(Na) ⊃
Nb
2
ϕab =


Nb
2
∣∣∣I(1·3)ab + IZ2,(1·3)ab ∣∣∣ π(φ, 0,−φ)
Nb
2
∣∣∣I(1·2)ab ∣∣∣ π(φ,−φ, 0)
Nb
2
∣∣∣I(2·3)ab ∣∣∣ π(0, φ,−φ)
, (57)
where ~vZ2 =
1
2
(1, 0,−1) leaves the second two-torus invariant. Since the number of Z2
invariant intersections cannot exceed the total number of intersection points, the first line
can be written as
Nb
2
∣∣∣I(1·3)ab ∣∣∣− Nb2 IZ2,(1·3)ab , (58)
22
because for one vanishing angle, the toroidal intersection numbers on the remaining two
two-tori have opposite signs, i.e. I
(1·3)
ab < 0. These formulae will be used to determine the
correct prefactors of the amplitudes which are then checked to be consistent with RR tadpole
cancellation.
The first kind of amplitude present for all three cases is the toroidal annulus contribution
which in the open string channel has a 1I insertion from the orbifold projector. The tree
channel amplitude is of the form
TA,1Iab = c
1I
A
∫ ∞
0
dllεL˜A,(1)ab (l) ·Θ1I,(0,φ,−φ)oscillator (l), (59)
and the oscillator contributions are read off from the general prescription (37),
Θ
1I,(0,φ,−φ)
oscillator =
∑
α,β∈{0, 1
2
}
(−1)2(α+β)ϑ
′′[α
β
]
(0, 2il)ϑ
[
α
β
]
(0, 2il)ϑ
[
α
β
]
(φ, 2il)ϑ
[
α
β
]
(−φ, 2il)
η6(2il)ϑ
[
1/2
1/2
]
(φ, 2il)ϑ
[
1/2
1/2
]
(−φ, 2il)
=
ϑ′′3(0)ϑ3(0)ϑ3(φ)ϑ3(−φ)− ϑ′′2(0)ϑ2(0)ϑ2(φ)ϑ2(−φ)− ϑ′′4(0)ϑ4(0)ϑ4(φ)ϑ4(−φ)
η6 (−ϑ1(φ)) (−ϑ1(−φ))
= 4π2,
(60)
where in the second line for the sake of brevity, the second argument of the Jacobi theta and
Dedekind eta functions is omitted, e.g. ϑ1(φ) ≡ ϑ1(φ, 2il) and η6 ≡ η6(2il). The amplitude
contributes therefore
TA,1Iab = 4π
2 c1IA
∫ ∞
0
dllεL˜A,(1)ab (l)
= 4π2 c1IA
(∫ ∞
0
dl +
δσ1ab,0δτ1ab,0
V
(1)
ab
ln
(
Mstring
µ
)2
− Λ(σ
1
ab, τ
1
ab, v1, V
(1)
ab )
V
(1)
ab
)
,
(61)
with the compact notation for the lattice contributions to the thresholds,
Λ(σ, τ, v;V ) ≡ δσ,0δτ,0 ln
(
2πvV η4(iv)
)
+ (1− δσ,0δτ,0) ln
∣∣∣∣e−piσ2v/4ϑ1( τ2 − iσ2 v, iv)η(iv)
∣∣∣∣2 . (62)
In figure 3, the lattice contributions in dependence of the two-torus volume v are plotted for
(σ, τ) = (0, 0) and fixed value of the brane volume V ≡ 1, and for the cases with discrete
distance or Wilson line, (σ, τ) = (1, 0), (0, 1) and (1, 1).
The comparison of the coefficient of ln
(
Mstring
µ
)2
with the contribution (57) to the one-loop
beta function fixes
c1IA = −
NbV
(1)
ab I
(2·3)
ab
8π2
. (63)
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Figure 3: The lattice contributions Λ depending on the two-torus volume v for fixed V ≡ 1
and different values of (σ, τ): red, solid: (0, 0); green, dashed: (1, 0); blue, dotted: (0, 1); yellow,
dotdashed: (1, 1). Note that in figure (b) the absolute value of Λ is displayed double logarithmically.
The minus sign is due to the fact that
∣∣∣I(2·3)ab ∣∣∣ = −I(2·3)ab if the branes are parallel on
T 21 . The tadpole contribution from this kind of annulus amplitude is thus 4π
2 c1IA
∫
dl =
−Nb
2
V
(1)
ab I
(2·3)
ab
∫
dl, which can be compared to the first line in equation (14) bearing in mind
that I
(1·2)
ab = I
(1·3)
ab = 0 for branes parallel long the first two-torus T
2
1 .
The contributions from Z2 invariant intersections, or in other words the annulus amplitude
with a Z2 insertion in the loop channel, differ depending on the complex direction where the
branes are parallel:
T
A,Z2,(2)
ab = c
Z2,(2)
A
∫ ∞
0
dllεL˜A,(2)ab ·ΘZ2,(φ,0,−φ)oscillator ,
T
A,Z2,(1)
ab = c
Z2,(1)
A
∫ ∞
0
dllεΘ
Z2,(0,φ,−φ)
oscillator .
(64)
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According to the general rules (37), the oscillator contributions are
Θ
Z2,(φ,0,−φ)
oscillator =
∑
α,β∈{0, 1
2
}
(−1)2(α+β)ϑ
′′[α
β
]
(0, 2il)ϑ
[
α
β
]
(0, 2il)ϑ
[
α+1/2
β
]
(φ, 2il)ϑ
[
α+1/2
β
]
(−φ, 2il)
η6(2il)ϑ
[
0
1/2
]
(φ, 2il)ϑ
[
0
1/2
]
(−φ, 2il)
=
ϑ′′3(0)ϑ3(0)ϑ2(φ)ϑ2(−φ)− ϑ′′2(0)ϑ2(0)ϑ3(φ)ϑ3(−φ)
η6 ϑ4(φ)ϑ4(−φ)
−ϑ′′4(0)ϑ4(0) (−ϑ1(φ)) (−ϑ4(−φ))
η6 ϑ4(φ)ϑ4(−φ)
= 4π2,
Θ
Z2,(0,φ,−φ)
oscillator =
∑
α,β∈{0, 1
2
}
(−1)2(α+β)ϑ
′′[α
β
]
(0, 2il)ϑ
[
α+1/2
β
]
(0, 2il)ϑ
[
α
β
]
(φ, 2il)ϑ
[
α+1/2
β
]
(−φ, 2il)
η3(2il)ϑ
[
0
1/2
]
(0, 2il)ϑ
[
1/2
1/2
]
(φ, 2il)ϑ
[
0
1/2
]
(−φ, 2il)
=
ϑ′′3(0)ϑ2(0)ϑ3(φ)ϑ2(−φ)− ϑ′′2(0)ϑ3(0)ϑ2(φ)ϑ3(−φ)
η3 ϑ4(0) (−ϑ1(φ))ϑ4(−φ)
= −2π
(
ϑ′1
ϑ1
(φ, τ) +
ϑ′4
ϑ4
(−φ, τ)
)
,
(65)
where in the second line of each formula the second argument 2il has again been omitted. The
integral for the amplitude with angles (φ, 0,−φ) and Z2 loop channel insertion is therefore
completely analogous to the one with 1I loop channel insertion, the only difference arising
from the prefactors c
Z2,(2)
A and c
1I
A.
The second identity in (65) requires the expansions of the Jacobi theta functions given in
appendix B.1 equation (170) as well as their regularized integrals (175). Since these have
been discussed before e.g. in [32], we delegate their evaluation to appendix B.1.
The final expression for the twisted annulus contributions with one vanishing angle are
T
A,Z2,(2)
ab = 4π
2c
Z2,(2)
A
(∫ ∞
0
dl +
δτ2ab,0δσ2ab,0
V
(2)
ab
ln
(
Mstring
µ
)2
− Λ(σ
2
ab, τ
2
ab, v2;V
(2)
ab )
V
(2)
ab
)
,
T
A,Z2,(1)
ab = −2π2cZ2,(1)A
(
cot(πφ)
∫ ∞
0
dl − ln 2 (sgn(φ)− 2φ)
)
,
(66)
and by comparison with the beta function coefficients for the case with (φ, 0,−φ), one obtains
c
Z2,(1)
A = −
Nb
8π2
I
Z2,(1·3)
ab V
(2)
ab , c
Z2,(2)
A =
Nb
4π2
IZ2ab , (67)
whereas for the case (0, φ,−φ) one has to require an identical form of the tadpole as for
(φ, 0,−φ) since the beta function coefficient is vanishing. In some more detail, the tad-
pole contribution from D6-branes parallel along the second torus T 22 is 4π
2c
Z2,(2)
A
∫
dl =
25
−Nb
2
I
Z2,(1·3)
ab V
(2)
ab
∫
dl, and using the twisted part of the rewritten RR tadpole cancellation
condition (14), we have to impose −2π2cZ2,(1)A cot(πφ(2))
∫
dl
!
= −Nb
2
I
Z2,(1·3)
ab V
(2)
ab
∫
dl, which
by using the relation (21) between angles, intersection numbers and the generalization of
lengths gives the above stated prefactor for the amplitude where D6-branes are parallel
along the first torus T 21 . The correctness of the relative prefactors is also confirmed by the
computation of the RR tadpole cancellation in appendix B table 20.
3.5 The Mo¨bius amplitudes for one vanishing angle
With the information of section 3.3 at hand, the Mo¨bius strip contribution for a brane with
one vanishing angle to the orientifold plane and its orientifold image can be computed. Since
the Mo¨bius strip contains only untwisted tree channel contributions, corresponding to the
fact that the ΩRθ−k and ΩRθ−k+N invariant O6-planes only coincide on one torus, but are
at angles ±pi
2
on the other two two-tori, the only amplitude to be evaluated is
TMa = cM
∫ ∞
0
dllεL˜Ma (l)θΩRθ
−k ,(φ,−φ,0)
oscillator (2il −
1
2
)
= 4π2cM
∫ ∞
0
dllεL˜Ma (l)
= 4π2cM
(∫ ∞
0
dl +
δσ3
aa′
,0δτ3
aa′
,0
2V˜
(3)
aa′
ln
(
Mstring
µ
)2
− Λ(σ
3
aa′ , τ
3
aa′ , v˜3; 2V˜
(3)
aa′ )
2V˜
(3)
aa′
)
,
(68)
where the oscillator contributions θ
ΩRθ−k,(φ,−φ,0)
oscillator (2il− 12) are the same as for the annulus (60)
up to the change of argument 2il → 2il − 1
2
.
The global prefactor,
cM =
I˜
ΩRθ−k(1·2)
a V˜
(3)
aa′
2π2
, (69)
is, as for the annulus contribution, determined by demanding that the contribution to the
beta function coefficient matches the known field theoretic result,
bSU(Na) ⊃
Na − 2
2
ϕAntia +
Na + 2
2
ϕSyma
=
Na − 2
4
∣∣∣I(1·2)a(θka′) + I˜ΩRθ−k(1·2)a ∣∣∣+ Na + 24
∣∣∣I(1·2)a(θka′) − I˜ΩRθ−k(1·2)a ∣∣∣
=
Na
2
∣∣∣I(1·2)a(θka′)∣∣∣+ I˜ΩRθ−k(1·2)a ,
(70)
if, for concreteness, brane a is parallel to the ΩRθ−k invariant plane along T 23 .
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The tadpole contribution of this amplitude is 4π2cM
∫
dl = 2NbI˜
ΩRθ−k(1·2)
a V˜
(3)
aa′
∫
dl, contain-
ing the correct relative factor of (-4) with respect to the annulus contributions in section 3.4
so that the tadpoles cancel when the untwisted part of the rewritten vacuum RR tadpole
condition in (14) is satisfied.
The prefactors of the Mo¨bius strip amplitudes can also be seen to agree with those expected
from RR tadpole cancellation of the vacuum amplitudes in table 21.
4 Results of the threshold computation
4.1 The complete thresholds for SU(N) gauge groups
The contributions from sectors with one vanishing angle have been derived in detail in the
previous section. The remaining supersymmetric amplitudes with D6-branes either parallel
everywhere or at three non-vanishing angles are listed in appendix C in table 22 for the
annulus and 23 for the Mo¨bius strip diagram, respectively. The resulting tadpole, beta
function coefficient and threshold correction per sector is listed in table 24.
The entire threshold correction for an SU(Na) gauge factor arising from a stack of D6-branes
in a T 6/Z2N type IIA orientifold background is given by
∆SU(Na) =
∑
b
Nb
(
∆˜totalab + ∆˜
total
ab′
)
+∆totala,ΩR
with ∆˜totalab = ∆˜
total
ba =
N−1∑
k=0
∆˜a(θkb) =
N−1∑
k=0
(
∆˜1Ia(θkb) + ∆˜
Z2
a(θkb)
)
and ∆totala,ΩR =
2N−1∑
k=0
∆a,ΩRθ−k .
(71)
For the convenience of explicit computations in section 5, we defined ∆˜totalab = ∆
total
ab /Nb. The
newly introduced quantity has several symmetries in its two subscripts,
∆˜totalab = ∆˜
total
ba = ∆˜
total
a′b′ = ∆˜
total
b′a′ . (72)
The angle dependent components of ∆˜
(φ
(1)
ab ,φ
(2)
ab ,φ
(3)
ab )
ab ≡ ∆˜ab where D6-branes a and b are at
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angles (φ
(1)
ab , φ
(2)
ab , φ
(3)
ab ) and ~vZ2 =
1
2
(1, 0,−1) are given by:
∆˜
(0,0,0)
ab =
I
Z2,(1·3)
ab
2
Λ(σ2ab, τ
2
ab, v2;V
(2)
ab ),
∆˜
(φ,0,−φ)
ab =
I
(1·3)
ab + I
Z2,(1·3)
ab
2
Λ(σ2ab, τ
2
ab, v2;V
(2)
ab ),
∆˜
(0,φ,−φ)
ab =
I
(2·3)
ab
2
Λ(σ1ab, τ
1
ab, v1;V
(1)
ab ) +
I
Z2,(2·3)
ab
2
ln 2 (sgn(φ)− 2φ) ,
∆˜
(φ(1),φ(2),φ(3))
ab =
Iab + I
Z2
ab
4
3∑
i=1
ln
(
Γ(|φ(i)|)
Γ(1− |φ(i)|)
)sgn(φ(i))
− IZ2ab
ln(2)
2
∑
j=1,3
(
sgn(φ(j))− 2φ(j)) ,
(73)
where the abbreviation Λ(σ, τ, v;V ) for the lattice contributions in dependence of displace-
ments σ, Wilson lines τ , two-tori volumes v and one-cycle volumes
√
V was introduced
in (62).
The beta function coefficients from the various contributions listed in appendix C in the
fourth column of table 24 match those computed field theoretically from the massless spec-
trum in table 19 by using the identities
sgn(φ
(i)
ab ) = sgn(I
(i)
ab ) and
3∑
i=1
sgn(φ
(i)
ab ) = −
3∏
i=1
sgn(φ
(i)
ab ) (74)
for supersymmetric D6-brane configurations. Each untwisted amplitude contributes
− Nb
2
3∑
i=1
V
(i)
ab I
(j·k)
ab
∫
dl (75)
to the tadpoles, and each twisted amplitude contributes
Nb
2
V
(2)
ab I
Z2,(1·3)
ab
∫
dl, (76)
where the factors V
(i)
ab arise either from the lattice contributions of a direction where the D6-
branes are parallel or as V
(i)
ab = I
(i)
ab cot(φ
(i)
ab ) along a direction where the D6-branes intersect.
The twisted part of the tadpoles cancels among all annulus contributions according to the
second line in the rewritten RR tadpole cancellation conditions (14). In the last column of
table 24, the quantities ∆
insertion,(φ(1),φ(2),φ(3))
ab = Nb ∆˜
insertion,(φ(1),φ(2),φ(3))
ab are displayed for all
possible angles and untwisted or twisted contributions separately.
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The Mo¨bius strip contributions in dependence of the angles between D6-brane a and the
O6-plane under consideration are
∆
(0,0,0)
a,ΩRθ−m = 0,
∆
(φ,−φ,0)
a,ΩRθ−m = −I˜ΩRθ
−m,(1·2)
a Λ(σ
3
aa′ , τ
3
aa′ , v˜3; 2V˜
(3)
aa′ )
and permutations of the two-tori,
∆
(φ(1),φ(2),φ(3))
a,ΩRθ−m = −
I˜ΩRθ
−m
a
2
3∑
n=1
ln
[(
Γ(|φ(n)|)
Γ(1− |φ(n)|)
)sgn(φ(n))
·
(
Γ(φ(n) + 1
2
− sgn(φ(n)) ·H(|φ(n)| − 1
2
))
Γ(1
2
− φ(n) + sgn(φ(n)) ·H(|φ(n)| − 1
2
))
)]
+ I˜ΩRθ
−m
a ln(2) sgn(φ
(k)) ·
[
H(|φ(k)| − 1
2
) +
1
2
]
.
(77)
The index k in the third equation belongs to the largest absolute value of the three angles,
0 ≤ |φ(i)|, |φ(j)| ≤ |φ(k)| ≤ 1, and H(z) is the Heavyside step function defined in (179). The
Mo¨bius strip amplitudes contribute only to the untwisted tadpole with
2
3∑
i=1
V˜
(i)
a,ΩRθ−m I˜
ΩRθ−m,(j·k)
a
∫
dl (78)
and (i, j, k) cyclic permutations of (1,2,3), which serve to cancel the annulus tadpoles ac-
cording to the first line of the rewritten RR tadpole cancellation condition (14).
4.2 The complete thresholds for Sp(2M) and SO(2M) gauge groups
The beta function coefficients for Sp(2Mx) gauge factors in (27) together with the simplified
rewritten RR tadpole cancellation conditions for an orientifold invariant D6-brane x,
0 =
∑
b
Nb κxb − 2 κ˜x,ΩR,
0 =
∑
b
Nb λxb,
(79)
serve as guiding principle to read off the correct prefactors of the threshold contributions to
the Sp(2Mx) gauge couplings in table 24. In terms of the notation introduced in section 4.1,
the gauge threshold for a symplectic gauge factor is given by
∆Sp(2Mx) =
∑
a
Na∆˜
total
ax +
1
2
∆totalx,ΩR, (80)
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where for all other symplectic gauge factors Sp(2My), one has to identify Na = My.
Even though SO(2My) gauge factors do not occur in the explicit examples in section 5,
they can also only appear on orientifold invariant D6-branes and provide the same rewritten
RR tadpole cancellation conditions (79) as the symplectic gauge factors. Together with the
analogous form of the beta function coefficients (27) and (28) for symplectic and orthogonal
gauge factors, we arrive at the gauge threshold correction for an SO(2My) gauge group
∆SO(2My) =
∑
a
Na∆˜
total
ay +
1
2
∆totaly,ΩR. (81)
4.3 Threshold corrections for massless U(1) gauge factors
The gauge threshold corrections for Abelian groups are computed from the same type of
annulus and Mo¨bius strip amplitudes as for SU(N) groups, but with different prefactors
since aa strings do not carry any U(1) charge, ab strings for a 6= b have charge 1 under
U(1)a ⊂ U(Na), and aa′ strings have charge 2. The resulting prefactors can again be read
off from the beta function coefficients. Comparing the beta function coefficient (29) for an
U(1)a gauge factor with that of an SU(Na) gauge factor in (26) leads to the gauge threshold
correction for an Abelian subgroup
∆U(1)a = Na
(
4Na∆˜
total
aa′ + 2
∑
b6=a
Nb
(
∆˜totalab + ∆˜
total
ab′
)
+ 2∆totala,ΩR
)
= 2Na∆SU(Na) + 2N
2
a
(
∆˜totalaa′ − ∆˜totalaa
)
,
(82)
where the individual threshold contributions are those defined in equation (71). The global
factor of two arises from the different canonical normalizations of the kinetic terms of SU(N)
and U(1) gauge factors discussed e.g. in [28, 49], and the different factor for the aa′ con-
tributions is due to the different charge. If the individual U(1) factor is anomaly-free and
massless, its tadpole contributions to the gauge threshold amplitudes cancel upon RR tadpole
cancellation.
If on the other hand, the massless Abelian gauge factor U(1)X is a linear combination as
in equation (30), also the gauge threshold is a superposition which is most easily obtained
by comparing the corresponding beta function coefficient (31) with that of the U(1)a and
SU(Na) factors (26), (29):
∆U(1)X =
∑
i
x2i∆U(1)i + 4
∑
i<j
NiNjxixj
(
−∆˜totalij + ∆˜totalij′
)
. (83)
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The linear combination of tadpole contributions to the threshold amplitudes vanishes also
for this kind of massless Abelian gauge factor upon RR tadpole cancellation. This can be
seen as follows. A massless U(1)X factor wraps and orientifold invariant cycle
ΠX =
∑
i
NixiΠi
!
= Π′X . (84)
After using the rewritten RR tadpole cancellation condition (14), i.e. κSU(Na) = 0, a single
U(1)a factor contributes
κU(1)a = 2N
2
a (κaa′ − κaa) (85)
to the bulk tadpole of the threshold amplitudes. The massless linear combination must
therefore fulfill
0
!
=
∑
i
x2iκU(1)i + 4
∑
i<j
NiNjxixj (−κij + κij′)
= 2
∑
i,j
(Nixi) (Njxj) (−κij + κij′) ,
(86)
which vanishes indeed according to the arguments in appendix A.4 since the second line
in (86) corresponds to the symmetrized version of the intersection number
0 = ΠX◦ (Π′X −ΠX)︸ ︷︷ ︸ .
= 0 for a massless U(1)X
(87)
The vanishing of the twisted part of the tadpoles is shown in the same way.
We have checked explicitly for the examples in the following section 5 that all tadpole
contributions to the massless U(1) factors do indeed vanish.
5 Examples with Standard Model like spectra
In the following we give four examples of supersymmetric globally consistent intersecting
D6-models, one on T 6/Z6 and three on T
6/Z′6, and use them to demonstrate explicitly how
to compute the gauge threshold corrections. The motivation for choosing these particular
discrete orbifold groups is phenomenological – as it turns out it is possible in these set-ups
to obtain large ensembles of models with the gauge group and chiral matter content of the
MSSM [24,36], in the case of T 6/Z′6 also without any chiral exotic matter [28, 37].
4 Models
without chiral exotic matter do not exclude non-chiral states that are charged under both
4For more Standard Model building considerations on T 6/Z′
6
see also [41, 50, 51].
31
the Standard Model and some hidden gauge group. These (potentially massive) states might
even be desirable for the mediation of supersymmetry breaking.
The T 6/Z6 model was described first in [24] and was also found in a systematic computer
search for models on this background [36]. The two examples on T 6/Z′6 have been described
in [28, 37] and are in fact two variations of the same setup with many common features.
The difference between the two models that we consider lies in the fact that one of them
includes a hidden sector (with one or two stacks of D6-branes), while the other one has just
the Standard Model gauge group plus a B − L symmetry. The models also differ in the
choice of the toroidal complex structure parameter.
For more details on the construction of the models and how they are related to generic
supersymmetric solutions to the RR tadpole cancellation conditions on the respective orbifold
backgrounds we refer the reader to the original publications.
5.1 Example 1: The T 6/Z6 model
In this section, we first describe the orbifold action and then give the D6-brane configuration
in terms of wrapping numbers, angles, discrete displacements and Wilson lines together with
toroidal and Z2 invariant intersection numbers. We proceed by computing the full massless
spectrum and the resulting beta function coefficients for the unbroken gauge group after the
Green-Schwarz mechanism has rendered some U(1) factors massive, and finally we explicitly
determine the gauge thresholds for these gauge groups.
5.1.1 Orbifold and orientifold action for T 6/Z6 on AAB
The orbifold action (1) is given by
θ : zi −→ e2piivizi with ~v = 1
6
(1, 1,−2), (88)
and the wrapping numbers (ni, mi) along the toroidal one-cycles (π2i−1, π2i) transform under
the Z6 action θ given in (88) and the orientifold projection ΩR as defined in (3), on the
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AAB lattice as

n1 m1
n2 m2
n3 m3

 θ−→


−m1 n1 +m1
−m2 n2 +m2
m3 −(n3 +m3)

 θ−→


−(n1 +m1) n1
−(n2 +m2) n2
−(n3 +m3) n3


↓ ΩR

n1 +m1 −m1
n2 +m2 −m2
m3 n3

 θ−→


m1 n1
m2 n2
n3 −(n3 +m3)

 θ−→


−n1 n1 +m1
−n2 n2 +m2
−(n3 +m3) m3

 .
(89)
The three complex structure moduli which descend from the torus are frozen by the require-
ment of having a Z6 invariant factorizable lattice, the SU(3)
3 group lattice, see figure 2.
5.1.2 Brane configuration and intersection numbers
In [24], a supersymmetric model with three chiral matter generations of SU(3) × SU(2) ×
U(1)Y × U(1)B−L was given. It consists of five stacks of D6-branes, labelled by a . . . e. We
list the angles of the different D6-brane stacks with respect to the ΩR plane, their toroidal
wrapping numbers (ni, mi), discrete displacements ~σ and Wilson lines (τ
1, τ 2) on T 21 × T 22
and Z2 eigenvalue τ
0 in table 1.
brane Angle
pi
w.r.t. ΩR (n1, m1;n2, m2;n3, m3) ~σ (τ 0, τ 1, τ 2)
a (0,−1/3, 1/3) (1, 0; 1,−1;−1, 2) ~0 (1, 0, 0)
b (1, 1, 0)
d (0, 0, 0)
c (−1/3,−1/3, 2/3) (1,−1; 1,−1;−2, 1) (0, 0; 1, 0) (1, 0, 1)
e (1, 1, 1)
Table 1: Geometrical setup of the supersymmetric Standard Model example on the AAB lattice
in the T 6/Z6 background.
The toroidal and Z2 invariant intersection numbers with signs, from which multiplicities
of bifundamental, symmetric and antisymmetric massless matter states of this model are
computed along the rules in appendix A.2, are listed in tables 2 to 5. It should be noted
that we are keeping the notation of [24] with Z2 subgroup 3~v =
1
2
(1,−1, 0). Since the third
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two-torus T 23 is the Z2 invariant one, the labels of the tori in the general formulae for gauge
threshold corrections in section 3 and 4 have to be permuted.
The multiplicities of adjoint representations are computed from
Ix(θx) = I
Z2
x(θx) = −3, Ix(θ2x) = IZ2x(θ2x) = 3, with x = a, b, d,
Iy(θy) = −IZ2y(θy) = −3, Iy(θ2x) = −IZ2y(θ2y) = 3, with y = c, e.
(90)
Branes c and e are orientifold invariant if no continuous displacement or Wilson line on T 23
is switched on.
I·b I·(θb) I·(θ2b) I·c I·(θc) I·(θ2c) I·d I·(θd) I·(θ2d) I·e I·(θe) I·(θ2e)
a 0123 −3 3 (−3) · 02 01 · (−3) (−1) · 03 0123 −3 3 (−3) · 02 01 · (−3) (−1) · 03
b (−3) · 02 01 · (−3) (−1) · 03 0123 −3 3 (−3) · 02 01 · (−3) (−1) · 03
c (−3) · 02 (−1) · 03 (−3) · 01 0123 −3 3
d (−3) · 02 01 · (−3) (−1) · 03
Table 2: Toroidal intersection numbers of the supersymmetric Standard Model example on T 6/Z6,
Part I. For vanishing intersection numbers, the lower index, e.g. 02, indicates that bulk cycles are
parallel on the corresponding two-torus, and the intersection number on the remaining four-torus
is explicitly given. 0123 indicates toroidal cycles which are parallel along the whole six-torus.
IZ2·b I
Z2
·(θb) I
Z2
·(θ2b) I
Z2·c I
Z2
·(θc) I
Z2
·(θ2c) I
Z2
·d I
Z2
·(θd) I
Z2
·(θ2d) I
Z2·e I
Z2
·(θe) I
Z2
·(θ2e)
a ∅ −3 3 ∅ 6 (−1) · 03 (−4) · 03 3 −3 ∅ ∅ (−1) · 03
b ∅ ∅ (−1) · 03 ∅ 3 −3 ∅ 6 (−1) · 03
c ∅ · (−3) 1 · 03 6 ∅ 3 −3
d ∅ ∅ 1 · 03
Table 3: Z2 invariant intersection numbers with appropriate signs from relative Z2 eigenvalues
and discrete Wilson lines of the supersymmetric Standard Model example on T 6/Z6, Part I. ∅
denotes a Z2 invariant intersection number which vanishes due to a discrete relative Wilson line or
displacement.
5.1.3 Spectrum
Using the intersection numbers among the various D6-brane stacks one can compute the
complete massless matter spectrum as described in [28] and summarized in appendix A.2.
The notation is such that we give the representations of (S)U(3)a and (S)U(2)b in bold
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I·b′ I·(θb′) I·(θ2b′) I·d′ I·(θd′) I·(θ2d′) I
Z2
·b′ I
Z2
·(θb′) I
Z2
·(θ2b′) I
Z2
·d′ I
Z2
·(θd′) I
Z2
·(θ2d′)
a 01 · (−3) (−3) · 02 (−1) · 03 01 · (−3) (−3) · 02 (−1) · 03 ∅ −6 (−1) · 03 −6 6 1 · 03
b 01 · (−3) (−3) · 02 (−1) · 03 ∅ 6 1 · 03
Table 4: Intersection numbers of the supersymmetric Standard Model example on T 6/Z6, Part
II. Since branes y = c, e have y′ = (θy) for no continuous displacement along T 23 , the intersection
numbers involving the orientifold images (θky′) can be read off from tables 2 and 3.
x Ixx′ I
Z2
xx′ Ix(θx′) I
Z2
x(θx′) Ix(θ2x′) I
Z2
x(θ2x′)
a, b, d 01 · (−3) 6 (−3) · 02 −6 (−1) · 03 (−1) · 03
x I˜ΩRx I˜
ΩRθ−3
x I˜
ΩRθ−1
x I˜
ΩRθ−4
x I˜
ΩRθ−2
x I˜
ΩRθ−5
x
a, b, d 01 · (−3) 6 −6 (−3) · 02 (−1) · 03 (−1) · 03
c, e −3 3 (−4) · 03 0123 3 −3
Table 5: Toroidal and Z2 invariant intersection numbers of the supersymmetric Standard Model
example on T 6/Z6 contributing to antisymmetric and symmetric representations. Branes y = c, e
fulfill y′ = (θy).
and the charges under the hypercharge and the massless B − L symmetry as subscripts.
An index m indicates that this multiplet can become massive under a continuous relative
displacement of the relevant D6-brane stacks along T 23 , and the upper indices in parenthesis
are the (unphysical) charges under U(1)c and U(1)d. Brane stack c carries the gauge group
SO(2)c or Sp(2)c if it sits on the orientifold planes, but in the following, the gauge group
will be explicitly broken along a flat direction by a continuous parallel displacement from
the origin on T 23 . Alternatively, a continuous Wilson line could be switched on along the
same two-torus.
The hyper charge and B − L assignments for the Standard Model realized on four stacks of
D6-branes a . . . d are
QY =
1
6
Qa +
1
2
Qc +
1
2
Qd, QB−L =
1
3
Qa +Qd. (91)
In this case, the spectrum contains three generations of quarks and leptons plus some exotic
fields H˜ which, after U(1)b ⊂ U(2)b has acquired a mass through the generalized Green
Schwarz mechanism, are non-chiral. When SO/Sp(2)e is broken to U(1)e through a contin-
uous open string modulus, i.e. a displacement from the origin or a Wilson line, this Abelian
group is massless and can be included in the hyper charge assignment, QY ′ = QY +
1
2
Qe, and
the fields H˜ can then be interpreted as non-standard Higgs-up and -down pairs Hu +Hd.
The massless open string spectrum consists of the gauge group SU(3)a × SU(2)b×U(1)Y ×
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U(1)B−L × SO/Sp(2)e with the Abelian charges defined by (91) and two kinds of matter
spectra [C] + [V ]:
• the ‘chiral’ spectrum stemming from non-vanishing intersection numbers
[C] = 3×
[
(3, 2)
(0,0)
1/6,1/3 +
(
3, 1
)(1,0)
1/3,−1/3 +
(
3, 1
)(−1,0)
−2/3,−1/3 + (1, 1)
(1,1)
1,1
+ (1, 1)(−1,1)0,1 +
(
1, 2
)(0,−1)
−1/2,−1 +
(
1, 2; 2
)(0,0)
0,0
]
≡ 3×
[
QL + dR + uR + eR + νR + L+ H˜
]
.
(92)
It contains three quark-lepton generations with right-handed neutrinos and three gen-
erations of (exotic) Higgs candidates. The latter become non-chiral upon the Green-
Schwarz mechanism which renders U(1)b ⊂ U(2)b massive.
• the ‘truly non-chiral’ spectrum
[V ] = 4× (8, 1)(0,0)0,0 + 4× (1, 3)(0,0)0,0 + 16× (1, 1)(0,0)0,0
+ z1 × (1, 1; 3S)(0,0)0,0 + z2 × (1, 1; 1A)(0,0)0,0
+
[
1m × (3, 2)(0,0)1/6,1/3 + 3×
(
3, 2
)(0,0)
1/6,1/3
+ 1m ×
(
3, 1
)(1,0)
1/3,−1/3
+ 1m ×
(
3, 1
)(−1,0)
−2/3,−1/3 + 2m ×
(
3, 1
)(0,1)
1/3,2/3
+ 3× (3, 1)(0,−1)−2/3,−4/3
+ 1m ×
(
3, 1; 2
)(0,0)
−1/6,−1/3 + 1m × (1, 2; 2)
(0,0)
0,0 + 1m × (1, 2)(1,0)1/2,0
+ 1m × (1, 2)(−1,0)−1/2,0 + (1m + y)× (1, 1)(2,0)1,0
+ (3 + 1m)× (3A, 1)(0,0)1/3,2/3 + (3 + 1m)× (1, 1A)(0,0)0,0 + c.c.
]
.
(93)
It consists of adjoints, antisymmetric and symmetric representations of the (pseudo)real
group SO/Sp(2)e and bifundamental and antisymmetric matter in N = 2 hyper mul-
tiplets of the unitary and Abelian groups. An index m denotes that these multiplets
acquire a mass if a continuous relative Wilson line on T 23 is switched on. This applies
to most of the bifundamental representations in the square bracket.
By a simple counting of massless GSO projected states and Chan-Paton matrices as in
appendix C in [28], we obtain y ≤ 3 and z1+ z2 ≤ 4. The analysis of the beta function
contributions in appendix A.3 gives (z1, z2) = (1, 0) and y = 0 and that brane e carries
an Sp(2)e gauge group.
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The beta function coefficients of the Standard Model group are computed from equations (26)
and (31) to be
bSU(3)a = 21 + 9m, bSU(2)b = 20 + 7m,
bU(1)B−L = 60 + 12m, bU(1)Y = 17 + 2y + 8m,
(94)
where an index m indicates that these contributions are absent if the corresponding non-
chiral multiplets in (93) have acquired a mass.
If the hyper charge is replaced by QY → QY ′ = QY + 12Qe, its beta function is shifted by
bU(1)e
4
= 3 + 5m + 2z1. All other possible contributions are zero due to −ϕxe + ϕxe′ = 0 for
any brane x.
If on the other hand Sp(2)e remains unbroken, its beta function coefficient is bSp(2)e =
−1 + 5m, which means that in case all brane stacks have relative displacements on the third
torus, the gauge coupling becomes stronger at lower energies.
5.1.4 Threshold corrections for example 1
Since there are only two types of toroidal cycles, their contributions to the thresholds are
computed in a very economical way. For xi ∈ {a, b, d} and yj ∈ {c, e}, one obtains the
following toroidal annulus contributions
∆˜1Ixixj = ∆˜
1I
yiyj
= 0,
∆˜1Ixi(θxj) = ∆˜
1I
xi(θ2xj)
= ∆˜1Iyi(θyj) = ∆˜
1I
yi(θ2yj)
= −9
4
ln 2,
∆˜1Ixix′j = −
3
2
Λ(σ1xix′j , τ
1
xix′j
, v1;
2√
3
),
∆˜1Ixi(θx′j) = −
3
2
Λ(σ2xix′j , τ
2
xix′j
, v2;
2√
3
),
∆˜1Ixi(θ2x′j) = −
1
2
Λ(σ3xix′j , τ
3
xix′j
, v3; 2
√
3),
∆˜1Ixiyj = −
3
2
Λ(σ2xiyj , τ
2
xiyj
, v2;
2√
3
),
∆˜1Ixi(θyj) = −
3
2
Λ(σ1xiyj , τ
1
xiyj
, v1;
2√
3
),
∆˜1Ixi(θ2yj) = −
1
2
Λ(σ3xiyj , τ
3
xiyj
, v3; 2
√
3),
(95)
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with Λ(σ, τ, v;V ) defined in (62), and from the orientifold planes with x ∈ {a, b, d} and
y ∈ {c, e} the Mo¨bius strip contributions
∆ΩRx = 3Λ(0, 0, 2v1;
4√
3
),
∆ΩRθ
−4
x = 3Λ(0, 0, 2v2;
4√
3
),
∆ΩRθ
−1
x = ∆
ΩRθ−3
x = 6 ln 2,
∆ΩRθ
−2
x = ∆
ΩRθ−5
x = Λ(σ
3
xx′, τ
3
xx′, 2v3; 4
√
3)


⇒ ∆totalx,ΩR =


12 ln 2
+3Λ(0, 0, 2v1;
4√
3
)
+3Λ(0, 0, 2v2;
4√
3
)
+2Λ(σ3xx′, τ
3
xx′, 2v3; 4
√
3)
,
∆ΩRy = ∆
ΩRθ−2
y = 9 ln 2− 92 ln 5
∆ΩRθ
−1
y = 4Λ(σ
3
yy′ , τ
3
yy′ , 2v3; 4
√
3),
∆ΩRθ
−4
y = 0,
∆ΩRθ
−3
y = ∆
ΩRθ−5
y = −3 ln 2 + 92 ln 5


⇒ ∆totaly,ΩR =

 12 ln 2+4Λ(σ3yy′ , τ 3yy′ , 2v3; 4√3) .
(96)
The twisted contributions to the annulus amplitudes depend on the relative discrete dis-
placements and Wilson lines through the Z2 invariant intersection numbers as well as the
relative Z2 eigenvalues given in tables 3 to 5. Several of them vanish, leaving the non-trivial
contributions
∆˜Z2xixj = 2αΛ(σ
3
xixj
, τ 3xixj , v3; 2
√
3)
with α =


1 xi = xj
0 (xi, xj) = (a, b) or (b, d)
−1 (xi, xj) = (a, d)
,
∆˜Z2
xi(θkxj)k=1,2
= − β 5
4
ln 2
with β =

 1 xi = xj or (a, b)−1 (xi, xj) = (a, d) or (b, d) ,
(97)
∆˜Z2xix′j
= α ln 2,
∆˜Z2xi(θx′j)
= β ln 2,
∆˜Z2xi(θ2x′j)
= −β
2
Λ(σ3xixj , τ
3
xixj
, v3; 2
√
3),
(98)
∆˜Z2yiyj = 2 δyiyj Λ(σ
3
yiyj
, τ 3yiyj , v3; 2
√
3),
∆˜Z2
yi(θkyj)k=1,2
=
5
4
ln 2,
(99)
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∆˜Z2xy = 0,
∆˜Z2x(θy) = −ζ ln 2 with ζ =

 1 (x, y) = (a, c) or (b, e)0 else ,
∆˜Z2x(θ2y) = −
ǫ
2
Λ(σ3xy, τ
3
xy, v3; 2
√
3) with ǫ =

 −1 (x, y) = (d, e)1 else .
(100)
In summary, one can write the contributions per fixed stacks of D6-branes as
∆˜totalxixj = −
9 + 5β
2
ln 2 + 2αΛ(σ3xixj , τ
3
xixj
, v3; 2
√
3),
∆˜totalxix′j = (α + β) ln 2−
3
2
Λ(σ1xix′j , τ
1
xix′j
, v1;
2√
3
)− 3
2
Λ(σ2xix′j , τ
2
xix′j
, v2;
2√
3
)
− 1 + β
2
Λ(σ3xix′j , τ
3
xix′j
, v3; 2
√
3),
∆˜totalxiyj = −ζ ln 2−
3
2
Λ(σ1xiyj , τ
1
xiyj
, v1;
2√
3
)
− 3
2
Λ(σ2xiyj , τ
2
xiyj
, v2;
2√
3
)− 1 + ǫ
2
Λ(σ3xiyj , τ
3
xiyj
, v3; 2
√
3),
∆˜totalyiyj = −2 ln 2 + 2δyiyjΛ(σ3yiyj , τ 3yiyj , v3; 2
√
3).
(101)
The threshold corrections for the non-Abelian gauge factors of the Standard Model are (from
here on, for shortness the superscript ‘total’ would belong to every ∆˜ and is dropped)
∆SU(3)a = 3
(
∆˜aa + ∆˜aa′
)
+ 2
(
∆˜ab + ∆˜ab′
)
+
(
∆˜ac + ∆˜ac′
)
+
(
∆˜ad + ∆˜ad′
)
+
(
∆˜ae + ∆˜ae′
)
+∆a,ΩR
=− 21 ln 2− 9Λ(0, 0, v1; 2√
3
)− 6Λ(0, 1, v1; 2√
3
) + 3Λ(0, 0, 2v1;
4√
3
)
− 9Λ(0, 0, v2; 2√
3
)− 6Λ(1, 1, v2; 2√
3
) + 3Λ(0, 0, 2v2;
4√
3
)
+ 6Λ(0, 0, v3; 2
√
3)− 3Λ(σ3aa′ , τ 3aa′ , v3; 2
√
3) + 2Λ(σ3aa′ , τ
3
aa′ , 2v3; 4
√
3)
− 2Λ(σ3ab′ , τ 3ab′ , v3; 2
√
3)− Λ(σ3ac, τ 3ac, v3; 2
√
3)− Λ(σ3ac′ , τ 3ac′ , v3; 2
√
3)
− 2Λ(σ3ad, τ 3ad, v3; 2
√
3)− Λ(σ3ae, τ 3ae, v3; 2
√
3)− Λ(σ3ae′ , τ 3ae′ , v3; 2
√
3),
(102)
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∆SU(2)b = 3
(
∆˜ba + ∆˜ba′
)
+ 2
(
∆˜bb + ∆˜bb′
)
+
(
∆˜bc + ∆˜bc′
)
+
(
∆˜bd + ∆˜bd′
)
+
(
∆˜be + ∆˜be′
)
+∆b,ΩR
=− 21 ln 2− 6Λ(0, 0, v1; 2√
3
)− 9Λ(0, 1, v1; 2√
3
) + 3Λ(0, 0, 2v1;
4√
3
)
− 9Λ(0, 0, v2; 2√
3
)− 6Λ(1, 1, v2; 2√
3
) + 3Λ(0, 0, 2v2;
4√
3
)
− 3Λ(σ3ab′, τ 3ab′ , v3; 2
√
3)− 2Λ(σ3bb′, τ 3bb′ , v3; 2
√
3) + 4Λ(0, 0, v3; 2
√
3)
+ 2Λ(σ3bb′, τ
3
bb′ , 2v3; 4
√
3)− Λ(σ3bc, τ 3bc, v3; 2
√
3)− Λ(σ3bc′ , τ 3bc′, v3; 2
√
3)
− Λ(σ3be, τ 3be, v3; 2
√
3)− Λ(σ3be′ , τ 3be′, v3; 2
√
3).
(103)
For the massless Abelian groups, one obtains
∆U(1)B−L =
1
9
∆U(1)a +∆U(1)d + 4
(
−∆˜ad + ∆˜ad′
)
=− 36Λ(0, 0, v1; 2√
3
)− 16Λ(0, 1, v1; 2√
3
) + 8Λ(0, 0, 2v1;
4√
3
)
− 36Λ(0, 0, v2; 2√
3
)− 16Λ(1, 1, v2; 2√
3
) + 8Λ(0, 0, 2v2;
4√
3
)
− 4Λ(σ3aa′ , τ 3aa′ , v3; 2
√
3) +
4
3
Λ(σ3aa′ , τ
3
aa′ , 2v3; 4
√
3)
− 4
3
Λ(σ3ab′ , τ
3
ab′ , v3; 2
√
3)− 2
3
Λ(σ3ac, τ
3
ac, v3; 2
√
3)
− 2
3
Λ(σ3ac′ , τ
3
ac′ , v3; 2
√
3)− 16
3
Λ(σ3ad, τ
3
ad, v3; 2
√
3)
− 2
3
Λ(σ3ae, τ
3
ae, v3; 2
√
3)− 2
3
Λ(σ3ae′ , τ
3
ae′ , v3; 2
√
3)
− 2Λ(σ3dc, τ 3dc, v3; 2
√
3)− 2Λ(σ3dc′, τ 3dc′ , v3; 2
√
3)
− 4Λ(σ3dd′, τ 3dd′ , v3; 2
√
3) + 4Λ(σ3dd′ , τ
3
dd′ , 2v3; 4
√
3),
(104)
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and
∆U(1)Y =
1
4
∆U(1)B−L +
1
4
∆U(1)c +
(
−∆˜ac + ∆˜ac′ − ∆˜cd + ∆˜cd′
)
=− 3 ln 2− 15Λ(0, 0, v1; 2√
3
)− 7Λ(0, 1, v1; 2√
3
) + 2Λ(0, 0, 2v1;
4√
3
)
− 9Λ(0, 0, v2; 2√
3
)− 13Λ(1, 1, v2; 2√
3
) + 2Λ(0, 0, 2v2;
4√
3
)
− Λ(σ3aa′ , τ 3aa′ , v3; 2
√
3) +
1
3
Λ(σ3aa′ , τ
3
aa′ , 2v3; 4
√
3)− 1
3
Λ(σ3ab′ , τ
3
ab′ , v3; 2
√
3)
− 2
3
Λ(σ3ac, τ
3
ac, v3; 2
√
3)− 8
3
Λ(σ3ac′, τ
3
ac′ , v3; 2
√
3)− 4
3
Λ(σ3ad, τ
3
ad, v3; 2
√
3)
− 1
6
Λ(σ3ae, τ
3
ae, v3; 2
√
3)− 1
6
Λ(σ3ae′ , τ
3
ae′ , v3; 2
√
3)− 2Λ(σ3dc′, τ 3dc′, v3; 2
√
3)
− Λ(σ3dd′ , τ 3dd′ , v3; 2
√
3) + Λ(σ3dd′ , τ
3
dd′ , 2v3; 4
√
3) + 2Λ(0, 0, v3; 2
√
3)
− Λ(σ3bc, τ 3bc, v3; 2
√
3)− Λ(σ3bc′, τ 3bc′, v3; 2
√
3)
+ 2Λ(σ3cc′, τ
3
cc′, v3; 2
√
3) + 2Λ(σ3cc′, τ
3
cc′, 2v3; 4
√
3).
(105)
For the shifted definition of the hyper charge, QY ′ = QY +
1
2
Qe, the corresponding gauge
threshold is shifted by
∆U(1)′Y = ∆U(1)Y +
∆U(1)e
4
− ∆˜ae + ∆˜ae′ − ∆˜ce + ∆˜ce′ − ∆˜de + ∆˜de′
= ∆U(1)Y − 2 ln 2− Λ(0, 0, v1;
2√
3
)− 6Λ(0, 1, v1; 2√
3
)− 6Λ(1, 1, v2; 2√
3
)
− 3
2
Λ(σ3ae, τ
3
ae, v3; 2
√
3)− 5
2
Λ(σ3ae′, τ
3
ae′ , v3; 2
√
3)
− Λ(σ3be, τ 3be, v3; 2
√
3)− Λ(σ3be′ , τ 3be′, v3; 2
√
3)
+ 2Λ(σ3ee′, τ
3
ee′, v3; 2
√
3) + 2Λ(σ3ee′, τ
3
ee′, 2v3; 4
√
3).
(106)
If on the other hand the Sp(2)e gauge factor remains unbroken, its gauge threshold is given
by
∆Sp(2)e = 3∆˜ae + 2∆˜be + ∆˜ce + ∆˜de + ∆˜ee +
1
2
∆e,ΩR
= − 3Λ(0, 0, v1; 2√
3
)− 6Λ(0, 1, v1; 2√
3
)− 9Λ(1, 1, v2; 2√
3
)
+ 2Λ(0, 0, v3; 2
√
3) + 2Λ(0, 0, 2v3; 4
√
3)− 3Λ(σ3ae, τ 3ae, v3; 2
√
3)
− 2Λ(σ3be, τ 3be, v3; 2
√
3).
(107)
As an example, one can take (σ3c , τ
3
c ) 6= (0, 0) in order to break SO/Sp(2)c down to U(1)c,
but (σ3x, τ
3
x) = (0, 0) for all other branes x ∈ {a, b, d, e}, i.e. (σ3xc, τ 3xc) = (σ3c , τ 3c ) for x 6= c
and (σ3cc′, τ
3
cc′) = (2σ
3
c , 2τ
3
c ), and isotropic two-tori volumes v1 = v2 = v3 = v. The gauge
threshold corrections simplify significantly in this case,
∆SU(3)a = 26 ln 2 +
11
3
ln 3− 21 ln (2πvη4(iv))+ 8 ln (2π(2v)η4(i2v))
− 6 ln
∣∣∣∣ϑ1(12 , iv)η(iv)
∣∣∣∣2 − 6 ln
∣∣∣∣e−piv/4ϑ1(1−iv2 , iv)η(iv)
∣∣∣∣
2
− 2 ln
∣∣∣∣∣e−pi(σ3c )2v/4ϑ1(
τ3c−iσ3cv
2
, iv)
η(iv)
∣∣∣∣∣
2
,
(108)
∆SU(2)b = − 23 ln 2 + 4 ln 3− 18 ln
(
2πvη4(iv)
)
+ 8 ln
(
2π(2v)η4(i2v)
)
− 9 ln
∣∣∣∣ϑ1(12 , iv)η(iv)
∣∣∣∣2 − 6 ln
∣∣∣∣e−piv/4ϑ1(1−iv2 , iv)η(iv)
∣∣∣∣
2
− 2 ln
∣∣∣∣∣e−pi(σ3c )2v/4ϑ1(
τ3c−iσ3cv
2
, iv)
η(iv)
∣∣∣∣∣
2
,
(109)
∆U(1)B−L = − 44 ln 2 +
70
3
ln 3− 260
3
ln
(
2πvη4(iv)
)
+
64
3
ln
(
2π(2v)η4(i2v)
)
− 16 ln
∣∣∣∣ϑ1(12 , iv)η(iv)
∣∣∣∣2 − 16 ln
∣∣∣∣e−piv/4ϑ1(1−iv2 , iv)η(iv)
∣∣∣∣
2
− 16
3
ln
∣∣∣∣∣e−pi(σ3c )2v/4ϑ1(
τ3c−iσ3cv
2
, iv)
η(iv)
∣∣∣∣∣
2
,
(110)
∆U(1)Y =
55
3
ln 2 +
58
3
ln 3− 26 ln (2πvη4(iv))+ 16
3
ln
(
2π(2v)η4(i2v)
)
− 7 ln
∣∣∣∣ϑ1(12 , iv)η(iv)
∣∣∣∣2 − 13 ln
∣∣∣∣e−piv/4ϑ1(1−iv2 , iv)η(iv)
∣∣∣∣
2
− 22
3
ln
∣∣∣∣∣e−pi(σ3c )2v/4ϑ1(
τ3c−iσ3cv
2
, iv)
η(iv)
∣∣∣∣∣
2
+ 2 ln
∣∣∣∣e−pi(σ3c )2vϑ1(τ 3c − iσ3cv, iv)η(iv)
∣∣∣∣2
+ 2 ln
∣∣∣∣e−2pi(σ3c )2vϑ1(τ 3c − iσ3c2v, i2v)η(i2v)
∣∣∣∣2 ,
(111)
∆Sp(2)e = − 2 ln 2 + ln 3− 6 ln
(
2πvη4(iv)
)
+ 2 ln
(
2π(2v)η4(i2v)
)
− 6 ln
∣∣∣∣ϑ1(12 , iv)η(iv)
∣∣∣∣2 − 9 ln
∣∣∣∣e−piv/4ϑ1(1−iv2 , iv)η(iv)
∣∣∣∣
2
,
(112)
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where we have inserted the explicit form (62) of the lattice contributions.
A numeric evaluation of these simplified threshold corrections for the choice (σ3c , τ
3
c ) = (
1
2
, 0)
in dependence of the two-torus volume parameter v is shown in Figure 4. Depending on the
value of v the threshold corrections of the SU(2)b, U(1)B−L and Sp(2)e gauge groups can be
either enhanced (negative ∆) or reduced (positive ∆).
2 4 6 8 10
v
-100
-50
50
100
150
200
250
D
Figure 4: Threshold contributions in dependence of the two-torus volume v for the T 6/Z6 example
and (σ3c , τ
3
c ) = (
1
2 , 0) and (σ
3
x, τ
3
x) = (0, 0) for x 6= c. The contribution to SU(3)a is shown in solid
red, SU(2)b in dashed green, U(1)Y in dotted blue, U(1)B−L in dot-dashed yellow and the ‘hidden’
sector Sp(2)e as sparse dashed grey.
5.2 Example 2: The T 6/Z′6 models
In the following, we describe the orbifold action on T 6/Z′6, give the D6-brane configura-
tions and intersections numbers from which the massless spectrum and the beta function
coefficients are computed and finally determine the gauge threshold contributions for three
examples with Standard Model spectrum and various hidden sectors.
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5.2.1 Orbifold action for T 6/Z′6 on ABa
Under the Z′6 action θ
′ with shift vector ~v′ = 1
6
(1, 2,−3) and the orientifold projection on
the ABa lattice, the torus cycle wrapping numbers transform as

n1 m1
n2 m2
n3 m3

 θ′−→


−m1 n1 +m1
−(n2 +m2) n2
−n3 −m3

 θ′−→


−(n1 +m1) n1
m2 −(n2 +m2)
n3 m3


↓ ΩR

n1 +m1 −m1
m2 n2
n3 −m3

 θ′−→


m1 n1
−(n2 +m2) m2
−n3 m3

 θ′−→


−n1 n1 +m1
n2 −(n2 +m2)
n3 −m3

 .
(113)
In this case, the Z2 subgroup 3~v
′ = 1
2
(1, 0,−1) leaves the second two-torus invariant, and the
generic formulae are taylor-made for this set-up. The complex structure moduli on T 21 × T 22
are fixed by the underlying Z3 symmetry, see figure 2, whereas there is a continuous real
complex structure parameter on T 23 ,
̺ =
√
3
2
R2
R1
, (114)
with the radii Ri defined in figure 1. ̺ takes a set of discrete values for supersymmetric
solutions to the RR tadpole cancellation conditions as discussed in [28].
5.2.2 D6-brane configuration and intersection numbers
The configuration of D6-brane stacks used in [28] is given in table 6. The Standard Model
gauge group and matter content is again supported on four stacks of D6-branes, labelled by
a, b, c, d with gauge group
SU(3)a × SU(2)b × U(1)Y × U(1)B−L with

 QY =
1
6
Qa +
1
2
Qc +
1
2
Qd
QB−L = 13Qa +Qd
. (115)
Depending on the model under consideration there are also no, one or two stacks of branes
in the hidden sector, labelled by the rank of their gauge groups h3, h1 + h2 or hˆ1. These
four different models can be treated simultaneously using the parameterization ω = 1 for all
examples with hidden sectors and ω = 2 for the model without hidden sector. The complex
structure on T 23 is ̺ = 1/(2ω), and intersection numbers involving brane b have some ω
dependence. The intersection numbers between the various D6-brane stacks are listed in
tables 7 to 12.
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brane Angle
pi
(n1, m1;n2, m2;n3, m3) ~σw.h. (τ
0, τ 1, τ 3)w.h. ~σno−h (τ 0, τ 1, τ 3)no−h
a (−1
3
,−1
6
, 1
2
) (1,−1; 1, 0; 0, 1) (1, 0; 1, 0) (0, 1, 1) (1, 0; 1, 0) (1, 1, 0)
h3, h2 ~0 (0, 1, 0)
h1 ~0 (1, 0, 0)
b (1
6
,−1
3
, 1
6
) (1, 1; 2,−1; 1, ω) (1, 0; 0, 0) (1, 1, 0) (1, 0; 0, 0) (1, 1, 0)
c (−1
3
, 1
3
, 0) (1,−1;−1, 2; 1, 0) (1, 0; 0, 1) (0, 1, 1) (1, 0; 0, 0) (1, 1, 0)
d (1
6
, 1
3
,−1
2
) (1, 1; 1,−2; 0, 1) (0, 0; 1, 0) (0, 1, 1) (0, 0; 1, 0) (0, 0, 0)
hˆ1 (1, 0; 0, 0) (0, 1, 0)
Table 6: Geometric setup of the Standard Model examples on the ABa lattice in the T 6/Z′6
background with complex structure parameter ̺ ≡
√
3
2
R2
R1
= 12ω on T
2
3 and ω = 1 for the models
with hidden sectors and ω = 2 for the model without hidden sector. In the fourth and fifth column,
the values of the discrete displacements (σ1, σ3), Wilson lines (τ1, τ3) and Z2 eigenvalues τ
0 for
the models with hidden sectors are listed, and the last two columns contain the same data for the
model without hidden sector.
x I·a I·(θa) I·(θ2a) I·b I·(θb) I·(θ2b) I·c I·(θc) I·(θ2c) I·d I·(θd) I·(θ2d)
a 0123 (−1) · 03 (−1) · 03 2 2 (−1) 01 · (−2) (−1) 1 (−4) · 03 (−1) · 03 (−1) · 03
b 0123 (−9) · 03 (−9) · 03 6ω 3ω (−ω) · 02 01 · (−3) (−9) (−3) · 02
c 0123 (−3) · 03 (−3) · 03 (−2) · 02 3 −3
d 0123 (−9) · 03 (−9) · 03
Table 7: Toroidal intersection numbers of the observable sector of the supersymmetric Standard
Model examples on T 6/Z′6, Part I. 03 denotes that the D6-branes are parallel along T
2
3 , branes
parallel everywhere have intersection number 0123.
5.2.3 Spectrum
The complete massless matter spectra for both kinds models, with and without a hidden
sector, are given below in a compact form. The notation is the same as in the previous
example, ((S)U(3)a, (S)U(2)b)
(U(1)c,U(1)d)
Y,B−L in the observable sector and a third non-Abelian
entry for the hidden sector.
The massless spectrum for each model consists of three (with hidden sector) or two (no
hidden sector) components:
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x IZ2·a I
Z2
·(θa) I
Z2
·(θ2a) I
Z2
·b I
Z2
·(θb) I
Z2
·(θ2b) I
Z2·c I
Z2
·(θc) I
Z2
·(θ2c) I
Z2
·d I
Z2
·(θd) I
Z2
·(θ2d)
a 4 · 02 −2 2 (−2) (−2) 1 4 1 1 ∅ (−2) 2
b 4 · 02 −6 6 6ω 3ω (−ω) · 02 ∅ (−3) (−1) · 02
c 4 · 02 −6 6 ∅ 3 3
d 4 · 02 6 −6
Table 8: Z2 invariant intersection numbers of the observable sector of the supersymmetric Standard
Model examples on T 6/Z′6, Part I. ∅ occurs when D6-branes carry a relative Wilson line or are at
a distance along a two-torus with wrapping numbers of the same type, e.g. (n1,m1) =(odd,odd).
Whenever the D6-branes are parallel along T 22 labeled by 02, non-chiral pairs of bifundamental
representations occur.
x I·a′ I·(θa′) I·(θ2a′) I·b′ I·(θb′) I·(θ2b′) I·d′ I·(θd′) I·(θ2d′)
a (−1) · 03 0123 (−1) · 03 (−2) (−2) 1 (−1) · 03 (−4) · 03 (−1) · 03
b 18ω 01 · (−6ω) (−6ω) · 02 (−3) · 02 01 · (−3) (−9)
d (−9) · 03 0123 (−9) · 03
Table 9: Toroidal intersection numbers of the observable sector of the supersymmetric Standard
Model examples on T 6/Z′6, Part II. Since brane c is orientifold invariant for no continuous displace-
ment or Wilson line on T 22 , the corresponding intersection numbers for (θ
kc′) can be read off from
table 7.
• The ‘chiral’ spectrum due to non-vanishing intersection numbers
[C] = 3×
[
(3, 2)
(0,0)
1/6,1/3 +
(
3, 1
)(1,0)
1/3,−1/3 +
(
3, 1
)(−1,0)
−2/3,−1/3
+ (1, 1)(1,1)1,1 + (1, 1)
(−1,1)
0,1 + 2× (1, 2)(0,−1)−1/2,−1 + (1, 2)(0,1)1/2,1
+ 3ω × (1, 2)(−1,0)−1/2,0 + 3ω × (1, 2)(1,0)1/2,0 + 3 (ω − 1)× (1, 1A)(0,0)0,0
]
≡ 3×
[
QL + dR + uR + eR + νR + 2× L+ L
]
+ 9ω ×
[
Hd +Hu
]
+ 9 (ω − 1)× S.
(116)
As for the previously discussed T 6/Z6 example, the Higgses Hu +Hd group into non-
chiral N = 2 supersymmetric pairs when U(1)b ⊂ U(2)b acquires a mass through
the Green-Schwarz mechanism. In the same way, three non-chiral lepton pairs and
9(ω−1) gauge singlets under the unbroken gauge group arise. The truly chiral spectrum
after the Green Schwarz mechanism consists therefore of exactly three quark-lepton
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x IZ2·a′ I
Z2
·(θa′) I
Z2
·(θ2a′) I
Z2
·b′ I
Z2
·(θb′) I
Z2
·(θ2b′) I
Z2
·d′ I
Z2
·(θd′) I
Z2
·(θ2d′)
a (−2) 4 · 02 2 (−2) (−2) 1 (−2) ∅ 2
b (−6) (−12) (−2) · 02 1 · 02 ∅ 3
d 6 (−4) · 02 (−6)
Table 10: Z2 invariant intersection numbers of the observable sector of the supersymmetric Standard
Model examples on T 6/Z′6, Part II. Intersection numbers involving (θ
kc′) can be read off from
table 8.
x I˜ΩRx I˜
ΩRθ−3
x I˜
ΩRθ−1
x I˜
ΩRθ−4
x I˜
ΩRθ−2
x I˜
ΩRθ−5
x
a, h3, h2, h1 (−2) (−1) · 03 (−4) · 03 01 · (−4) 2 (−1) · 03
b 6ω −18 01 · (−6) 12ω (−2ω) · 02 (−6) · 02
c (−3) · 03 6 (−4) · 02 0123 (−3) · 03 (−6)
d, hˆ1 6 (−9) · 03 0123 (−4) · 02 (−6) (−9) · 03
Table 11: Intersection numbers with O6-planes of the supersymmetric Standard Model examples
on T 6/Z′6.
generations.
• The ‘universal non-chiral’ spectrum coming only from branes a, b, c, d supporting the
Standard Model gauge group 5
[VU ] = 2× (8, 1)(0,0)0,0 + 10× (1, 3)(0,0)0,0 + 26× (1, 1)(0,0)0,0
+
[
(3, 2)
(0,0)
1/6,1/3 + 3×
(
3, 1
)(0,1)
1/3,2/3
+ 3× (3, 1)(0,−1)−2/3,−4/3
+ (3− x+ 1m)× (1, 1)(2,0)1,0 + (1 + 2m)× (3A, 1)(0,0)1/3,2/3
+ (3ω + (ω − 1)m)× (1, 3S)(0,0)0,0 + ωm ×
(
1, 2
)(−1,0)
−1/2,0
+ ωm ×
(
1, 2
)(1,0)
1/2,0
+ 2m × (1, 2)(0,−1)−1/2,−1 + 1m × (1, 2)(0,1)1/2,1
+ (5 + 2ω)m × (1, 1A)(0,0)0,0 + 1m × (1, 1)(1,−1)0,−1
+ 1m × (1, 1)(1,1)1,1 + c.c.
]
.
(117)
It consists of adjoints, symmetric and antisymmetric representations of the broken
5The number of symmetric and antisymmetric non-chiral pairs of U(2)b has been corrected as well as
the multiplicities of non-chiral bd and bd′ pairs exchanged w.r.t. [28]. Similarly the number of bhˆ1 pairs is
augmented by 1. This slightly changes the values of the beta function coefficients of the SU(2)b and for the
models with hidden sector also the U(1)Y factor as listed in section 5.2.4.
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x I·h3 I·(θh3) I·(θ2h3) I·hˆ1 I·(θhˆ1) I·(θ2hˆ1) I
Z2
·h3 I
Z2
·(θh3) I
Z2
·(θ2h3) I
Z2
·hˆ1 I
Z2
·(θhˆ1) I
Z2
·(θ2hˆ1)
a 0123 (−1) · 03 (−1) · 03 (−4) · 03 (−1) · 03 (−1) · 03 ∅ ∅ ∅ ∅ ∅ ∅
b (−2) 1 (−2) 01 · (−3) (−9) (−3) · 02 ∅ 1 2 6 3 (−1) · 02
c 01 · (−2) (−1) 1 (−2) · 02 3 (−3) ∅ (−1) 1 (−2) · 02 3 (−3)
d (−4) · 03 (−1) · 03 (−1) · 03 0123 (−9) · 03 (−9) · 03 ∅ ∅ ∅ ∅ ∅ ∅
h3 0123 (−1) · 03 (−1) · 03 4 · 02 2 (−2)
hˆ1 0123 (−9) · 03 (−9) · 03 4 · 0 (−6) 6
Table 12: Intersection numbers involving the hidden sector branes h3 or hˆ1 of the supersymmetric
Standard Model examples on T 6/Z′6. All intersection numbers for h2 agree with those of h3, and so
do the toroidal intersections for h1. Due to the different Z2 eigenvalue and Wilson line assignments,
some of the IZ2 differ for h1 and can be easily computed from the Z2 eigenvalue and Wilson line
assignments in table 6.
SO(2)c or Sp(2)c gauge group and bifundamentals, symmetrics and antisymmetrics in
N = 2 hyper multiplets of the unitary and Abelian groups. As for the example on T 6Z6
presented in section 5.1, a index m denotes that these state acquire a mass if the D6-
branes supporting them carry a relative Wilson line or are spatially separated along T 22 .
In appendix A.3, we argue that U(1)c derives from a broken Sp(2)c gauge group with
one chiral multiplet in the symmetric and three in the antisymmetric representation
corresponding to x = 3.
For the model without hidden sector, the massless matter spectrum consists of
([C] + [VU ])ω=2 . (118)
The models with hidden sector have an additional contribution:
• The ‘non-universal non-chiral’ spectrum involving hidden branes h3 or hˆ1:
– For the hidden gauge group SO/Sp(6)h3
[Vh3 ] = z × (1, 1; 15)(0,0)0,0 + (2− z)× (1, 1; 21)(0,0)0,0
+
[
(1, 2; 6)
(0,0)
0,0 + (1, 1; 6)
(1,0)
1/2,0 + c.c.
]
.
(119)
Since brane h3 is orthogonal to the ΩRθ−1 and ΩRθ−4 planes along T 22 , there
is no obvious way of breaking this group down to a unitary subgroup by par-
allel displacement. According to the computation in appendix A.3, the hidden
gauge group is Sp(6)h3, and the two chiral multiplets are in the antisymmetric
representation, i.e. z = 2.
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– Or for a hidden ̂SO/Sp(2)hˆ1
[Vhˆ1] = y × (1, 1; 1A)
(0,0)
0,0 + (10− y)× (1, 1; 3S)(0,0)0,0
+
[
(3 + 2m)× (1, 2; 2)(0,0)0,0 + (3 + 2m)× (1, 1; 2)(1,0)1/2,0 + c.c.
]
.
(120)
Brane hˆ1 is parallel to the ΩRθ−1 and ΩRθ−4 planes on T 22 , and the non-Abelian
hidden group can be broken down to U(1)hˆ1 by continuously displacing the brane
and its image from the orientifold planes on this two-torus. Before the gauge
symmetry breaking, the analysis in appendix A.3 leads to an Ŝp(2)hˆ1 gauge group
with one chiral multiplet in the symmetric and nine in the antisymmetric repre-
sentation, i.e. y = 9.
5.2.4 Beta functions
For the coefficients in front of the ln(M2s /µ
2)-term in (24), the field theoretical formulae (26)
and (30) give
bSU(3)a = 12 + 2m, bU(1)B−L = 72 +
64
3 m
bSU(2)b =


68 + 11m no hidden
53 + 9m hˆ1
59 + 5m h3, h1 + h2
, bU(1)Y =


48− 2x+ 37
3 m
no hidden
42− 2x+ 37
3 m
hˆ1
42− 2x+ 31
3 m
h3, h1 + h2
,
(121)
and from the analysis in appendix A.3, the one-loop running of the hidden sector branes is
computed according to (27),
bSp(6)h3 = −5, bŜp(2)hˆ1 = 5 + 6m. (122)
The hidden gauge group Sp(6)h3 has very little massless matter and can accordingly run to
strong coupling at low energies, whereas the other choice of hidden sector Ŝp(2)hˆ1 contains
a larger amount of massless vector like matter and cannot become strongly coupled, unless
so far undetermined field theory couplings render some of the vector-like states massive.
It remains to be seen if the hidden gauge group Sp(6)h3 can provide for supersymmetry
breaking via a gaugino condensate.
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5.2.5 Threshold corrections
The individual threshold contributions are computed analogously to the previous example
using the intersection numbers in tables 7 to 12, relative angles among D6-branes and O6-
planes and inserting them in the general formulae in table 24. In contrast to the T 6/Z6
example presented in section 5.1, here all Standard Model branes a . . . d wrap different torus
cycles.
The generic result for the SU(3)a×SU(2)b×U(1)Y ×U(1)B−L gauge symmetry is (with the
three entries of a column denoting the three possible hidden sector configurations (h3, hˆ1, ∅)):
∆SU(3)a = − 7 ln 5− 2Λ(0, 0, v1;
2√
3
) + 4Λ(0, 0, 2v1;
4√
3
) + 6Λ(0, 0, v2;
2√
3
)
+ 6Λ(σ2aa′ , τ
2
aa′ , v2;
2√
3
)− 12Λ(0, 0, v3; 1
ω
√
3
) + 6Λ(0, 0, v3;
4
ω
√
3
)
− 6(2− ω)Λ(1, 1, v3; 1√
3ω
),
(123)
∆SU(2)b =

41− 16ω +


−5
−13
∅



 ln 2−

36 + 3ω +


9
0
∅



 ln 5
−

6ω +


0
3
∅



Λ(0, 0, v1; 2√3)− 3Λ(1, ω − 1, v1; 2√3)
+ 6Λ(0, 0, 2v1; 4
√
3) + 4Λ(0, 0, v2; 2
√
3)− (2 + 6ω)Λ(σ2bb′, τ 2bb′ , v2; 2
√
3)
− ωΛ(σ2bc, τ 2bc, v2; 2
√
3)− ωΛ(σ2bc′, τ 2bc′ , v2; 2
√
3)− 2Λ(σ2bd, τ 2bd, v2; 2
√
3)
− Λ(σ2bd′ , τ 2bd′ , v2; 2
√
3) + (2ω + 6)Λ(σ2bb′ , τ
2
bb′ , 2v2; 4
√
3)
− 2


0
Λ(σ2
bhˆ1
, τ 2
bhˆ1
, v2; 2
√
3) + Λ(σ2
bhˆ′1
, τ 2
bhˆ′1
, v2; 2
√
3)
∅


− 18Λ(0, 0, v3; 4ω√
3
),
(124)
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∆U(1)B−L = − 20 ln 2−
32
3
ln 5− 4
3
Λ(0, 0, v1;
2√
3
) +
8
3
Λ(0, 0, 2v1;
4√
3
)
− 12Λ(1, ω − 1, v1; 2
√
3) + 8Λ(σ2aa′ , τ
2
aa′ , v2;
2√
3
)− 8Λ(σ2bd, τ 2bd, v2; 2
√
3)
− 4Λ(σ2bd′, τ 2bd′ , v2; 2
√
3)− 2Λ(σ2cd, τ 2cd, v2; 2
√
3)− 2Λ(σ2cd′, τ 2cd′ , v2; 2
√
3)
− 8Λ(σ2dd′, τ 2dd′ , v2; 2
√
3) + 8Λ(σ2dd′ , τ
2
dd′ , 2v2; 4
√
3)− 80Λ(0, 0, v3; 1
ω
√
3
)
+ 40Λ(0, 0, v3;
4
ω
√
3
)− 40 (2− ω)Λ(1, 1, v3; 1√
3ω
),
(125)
∆U(1)Y =

5ω +


−2
−1
∅



 ln 2−

173 + 12ω +


−3
3
∅



 ln 5
− 10
3
Λ(0, 0, v1;
2√
3
) +
2
3
Λ(0, 0, 2v1;
4√
3
)
− 3


Λ(1, 0, v1;
2√
3
) + Λ(1, 0, v1; 2
√
3)
Λ(1, 0, v1; 2
√
3)
Λ(1, 1, v1; 2
√
3)

+ 2Λ(σ
2
aa′ , τ
2
aa′ , v2;
2√
3
)
− 2Λ(σ2bd, τ 2bd, v2; 2
√
3)− Λ(σ2bd′ , τ 2bd′ , v2; 2
√
3)− 2Λ(σ2cd′, τ 2cd′ , v2; 2
√
3)
− 2Λ(σ2dd′ , τ 2dd′ , v2; 2
√
3) + 2Λ(σ2dd′ , τ
2
dd′ , 2v2; 4
√
3)− ωΛ(σ2bc, τ 2bc, v2; 2
√
3)
− ωΛ(σ2bc′, τ 2bc′, v2; 2
√
3) + 2Λ(σ2cc′, τ
2
cc′, v2; 2
√
3) + 2Λ(σ2cc′, τ
2
cc′, 2v2; 4
√
3)
−


0
Λ(σ2
chˆ1
, τ 2
chˆ1
, v2; 2
√
3) + Λ(σ2
chˆ′1
, τ 2
chˆ′1
, v2; 2
√
3)
∅


− 20Λ(0, 0, v3; 1
ω
√
3
) + 10Λ(0, 0, v3;
4
ω
√
3
)− 3Λ(0, 0, v3;
√
3ω)
+ 3Λ(0, 0, v3; 4ω
√
3)− 10 (2− ω)Λ(1, 1, v3; 1√
3ω
),
(126)
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and for the two choices of hidden gauge groups Sp(6)h3 or Sp(2)hˆ1
∆Sp(6)h3 = − 4 ln 5 +
11
3
ln 2− Λ(1, 0, v1; 2√
3
) + 2Λ(0, 0, 2v1;
4√
3
)
+ 6Λ(0, 0, v2;
2√
3
)− 6Λ(1, 1, v3; 1
ω
√
3
),
∆Sp(2)
hˆ1
= − 3 ln 5 + 12 ln 2− 3Λ(0, 0, v1; 2
√
3) + 2Λ(0, 0, v2; 2
√
3)
+ 2Λ(0, 0, 2v2; 4
√
3)− 4Λ(σ2
bhˆ1
, τ 2
bhˆ1
, v2; 2
√
3)
− 2Λ(σ2
chˆ1
, τ 2
chˆ1
, v2; 2
√
3)− 18Λ(1, 1, v3; 1√
3ω
).
(127)
As in the previous example, the generic formulae for arbitrary displacements and Wilson
lines on the second two-torus simplify significantly for choosing identical two-torus volume
moduli v1 = v2 = v3 = v and only (σ
2
c , τ
2
c ) 6= (0, 0) in order to break SO/Sp(2)c → U(1)c,
whereas all other branes x ∈ {a, b, d, h3, hˆ1} have (σ2x, τ 2x) = (0, 0). The gauge threshold
corrections in this case are given by
∆SU(3)a = 4 Λ˜(0, 0, v) + 4 Λ˜(0, 0, 2v)− 6(2− ω)Λ˜(1, 1, v)
− 7 ln 5 + 30 ln 2 + 6 lnω − 4 ln 3, (128)
∆SU(2)b =

−12ω − 19 +


0
−7
0



 Λ˜(0, 0, v) + (2ω + 12) Λ˜(0, 0, 2v)
− 3 Λ˜(1, ω − 1, v)− 2 Λ˜(σ2c , τ 2c , v)
+

−24ω + 28 +


−5
−20
0



 ln 2−

36 + 3ω +


9
0
0



 ln 5
− 18 lnω +

292 − 5ω +


0
−7
2
0



 ln 3,
(129)
∆U(1)B−L = −
160
3
Λ˜(0, 0, v) +
32
3
Λ˜(0, 0, 2v)− 12Λ˜(1, ω − 1, v)− 40(2− ω)Λ˜(1, 1, v)
− 4 Λ˜(σ2c , τ 2c , v)−
32
2
ln 5 + 36 ln 2 +
28
3
ln 3 + 40 lnω,
(130)
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∆U(1)Y = −
49
3
Λ˜(0, 0, v) +
8
3
Λ˜(0, 0, 2v)− 2(1 + ω)Λ˜(σ2c , τ 2c , v)
+ 2Λ˜(2σ2c , τ
2
2c, v) + 2Λ˜(2σ
2
c , 2τ
2
c , 2v) + 10(ω − 2)Λ˜(1, 1, v)
+


−6Λ˜(1, 0, v)
−3Λ˜(1, 0, v)− 2Λ˜(σ2c , τ 2c , v)
−3Λ˜(1, 1, v)

+

593 + 5ω +


−2
−1
0



 ln 2
−

173 + 12ω +


−3
3
0



 ln 5 + 196 ln 3 + 10 lnω,
(131)
∆Sp(6)h3 = − 4 ln 5− 4 ln 3 +
41
3
ln 2 + 6 Λ˜(0, 0, v) + 2 Λ˜(0, 0, 2v)
− Λ˜(1, 0, v)− 6 Λ˜(1, 1, v),
∆Sp(2)
hˆ1
= − 3 ln 5− 3
2
ln 3 + 11 ln 2− 5 Λ˜(0, 0, v) + 2 Λ˜(0, 0, 2v)
− 2Λ(σ2c , τ 2c , v)− 18 Λ˜(1, 1, v).
(132)
The lattice sums are abbreviated as follows. For vanishing relative displacements and Wilson
lines, the dependence on the (length)2 V of the two-cycle has been split off, and since for
(σ, τ) 6= (0, 0) the lattice sum does not depend on V , the fourth argument has been dropped,
Λ˜(0, 0, v) ≡ Λ(0, 0, v;V )− lnV = ln (2πv η4(iv)) ,
Λ˜(σ, τ, v)(σ,τ)6=(0,0) ≡ Λ(σ, τ, v;V )(σ,τ)6=(0,0) = ln
∣∣∣∣e−piσ2v/4ϑ1( τ2 − iσ2 v, iv)η(iv)
∣∣∣∣2 . (133)
The two-torus volume dependence of the simplified threshold contributions (128) – (132) is
shown in figures 5 and 6 for the three cases of hidden sector configurations (h3, hˆ1, ∅) and
the choice (σ2c , τ
2
c ) = (
1
2
, 0) and (σ2x, τ
2
x) = (0, 0) for x 6= c. As can be seen in the plots,
the SU(3)a and the hidden Sp(6)h3 or Sp(2)hˆ1 branes obtain in the whole geometric regime
v > 1 a negative threshold correction for the given choice of continuous Wilson lines and
displacements on T 23 , which means that the respective gauge couplings are enhanced.
5.3 Comments on gauge coupling unification
The T 6/Z6 example in section 5.1 fulfills GUT relations for the gauge couplings at string
tree level, αs,tree
αw,tree
= 1 and sin2 θW,tree = 0.375, provided that the D6-brane e is included in the
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Figure 5: Gauge threshold contributions in dependence on the two-torus volume v for the T 6/Z′6
examples with hidden sector branes (a) Sp(6)h3 and (b) Sp(2)hˆ1 . The contribution to SU(3)a is
shown in solid red, SU(2)b in dashed green, U(1)Y in dotted blue, U(1)B−L in dot-dashed yellow
and for the hidden sector as sparse dashed grey. The geometric regime requires v > 1, and the gauge
thresholds are plotted for the choice of continuous displacements and Wilson lines (σ2c , τ
2
c ) = (
1
2 , 0)
and (σ2x, τ
2
x) = (0, 0) for x 6= c.
definition of the hyper charge.
The T 6/Z′6 examples presented in section 5.2 on the other hand, deviate at string tree level
considerably from a unification of the gauge couplings, αs,tree
αw,tree
= 6ω and sin2 θW,tree = 0.72 in
the case without hidden sector and 0.65 in the case with hidden sectors.
In order to see how these relations change at 1-loop in the string coupling, we study here some
numerical values at the string scale Mstring for the tree level gauge couplings and threshold
corrections. For a SU(Nx) gauge factor on a fractional D6-brane x, one has
1
αfracx,tree
=
MPlanck
Mstring
∏3
i=1
√
V
(i)
xx
4
√
2
(134)
with
Q3
i=1
√
V
(i)
xx
4
√
2
= 1/(2 · 31/4) ∼ 0.38 for all D6-branes a, b, c, d, e in the T 6/Z6 example and
the values listed in table 13 in the T 6/Z′6 example.
Secondly, the values of the gauge threshold corrections depend on the size of the compact
six-dimensional volume V6 ≡
∏3
i=1 vi, where vi are the two-cycle volumes in units of α
′
defined in (15). For isotropic two-torus volumes vi ≡ v, rewriting the dimensionally reduced
gravitational action as done e.g. in [27] leads to the relation
v =
1
2
(
gstring
MPlanck
Mstring
)2/3
. (135)
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Figure 6: Gauge threshold contributions in dependence of the two-torus volume v for the T 6/Z′6
example without a hidden sector. The color coding for the visible sector is the same as in figures 5,
the continuous open string moduli are again chosen as (σ2c , τ
2
c ) = (
1
2 , 0) and (σ
2
x, τ
2
x) = (0, 0) for
x 6= c.
D6− branex a b c d
Q3
i=1
√
V
(i)
xx
4
√
2
1
2(6
√
3ω)1/2
(√
3ω
2
)1/2
1
2
(√
3ω
2
)1/2
1
2
(√
3
2ω
)1/2
ω = 1 0.16 0.93 0.47 0.47
ω = 2 0.11 1.3 0.66 0.33
Table 13: Numerical values of the 3-cycle volumes of the Standard Model branes in the T 6/Z′6
examples. ω = 1 corresponds to the examples with hidden sectors Sp(6)h3 and Sp(2)hˆ1 , whereas
ω = 2 pertains to the example without hidden sector.
Let us now assume that Mstring = MGUT ∼ 2 · 1016GeV leading to the ratio of mass scales
MPlanck/Mstring ∼ 600, on which both the tree level values and the 1-loop corrections to
the gauge couplings depend, and gstring = gGUT ∼
√
π/6, which gives the size of isotropic
two-tori v ∼ 30. For these values and the most simple choice of continuous displacements
and Wilson lines, (σic, τ
i
c) = (
1
2
, 0) and all other {σix, τ ix} vanishing with i = 3 for the T 6/Z6
and i = 2 for the T 6/Z′6 examples, one arrives for the T
6/Z6 example at
1
αSU(3)a,tree
+
∆SU(3)a
4π
∼ 228 + 16 = 244,
1
αSU(2)b,tree
+
∆SU(2)b
4π
∼ 228 + 15 = 243,
(136)
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and for the T 6/Z′6 examples at
1
αSU(3)a,tree
+
∆SU(3)a
4π
∼


93− 34
93− 34
66− 26

 =


59
59
40

 ,
1
αSU(2)b,tree
+
∆SU(2)b
4π
∼


558− 9
558 + 6
790 + 7

 =


549
564
797

 ,
(137)
where the entries in the columns correspond to the configurations with hidden sectors of
rank three or one or no hidden sector, (h3, hˆ1, ∅), as before. The running of the SU(3)a and
SU(2)b couplings for the example without a hidden sector and the same simple choice of
open string moduli is shown graphically in figure 7.
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Figure 7: Running of the gauge couplings in the T 6/Z′6 example without a hidden sector for the
choice (σ2c , τ
2
c ) = (
1
2 , 0) and all others vanishing, σ
2
x = τ
2
x = 0 for x ∈ {a, b, d}. For these values
of the moduli, some non-chiral particles ω × [(1,2)(1,0)
1/2,0 + (1,2)
(−1,0)
−1/2,0 + c.c.] acquire a mass which
is according to (38) proportional to M20,0(b, c) = v2/(16 · V (2)bc ) ∼ 30/(32
√
3). Assuming that these
masses are exactly at the string scale gives bSU(3)a = 14 and bSU(2)b = 75 for the model without
hidden sector. The 1-loop corrected values of the gauge couplings at Mstring are given in (137).
The red, solid line shows the running of the SU(3)a coupling down to the electro-weak scale, the
green, dashed line the SU(2)b coupling.
All numerical values of the 1-loop corrected gauge couplings for SU(3)a and SU(2)b of the
examples with the given choices of string scale Mstring and string coupling gstring to match
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the GUT-scale, and with the most simple choice of open string moduli {σix, τ ix} obviously
deviate from the value α−1GUT ∼ 24. In addition, since most non-chiral particles are treated
as massless, the couplings at the electro-weak scale MZ ≈ 91GeV are too weak compared
to the experimental values α−1s (MZ) ∼ 9 and α−1w (MZ) ∼ 29. The fine structure constant
αSU(3)a in the T
6/Z′6 examples, however, clearly shows that 1-loop corrections can change
the numerical value at the string scale significantly.
One should keep in mind that Mstring is in type II string constructions not naturally related
to the GUT-scale, and that gauge coupling unification is not expected to occur in general. In
order to study the running down to the electro-weak in detail and match with experimental
data, it is furthermore essential to know the scale at which non-chiral particles acquire
masses. The full study of the gauge coupling dependence on these masses as well as generic
choices of open string moduli {σix, τ ix} for all D6-branes x and string coupling constant gstring
and string scale Mstring goes beyond the scope of the present article.
6 Statistics for T 6/Z′6
In this section, a systematic computer analysis of the diversity at one-loop of three gen-
eration Standard Model spectra without chiral exotics on the ABa lattice on T 6/Z′6 is
considered. In [28] we found that a huge number of different configurations of exceptional
three-cycles only gave three different values of chiral observable sector spectra and tree level
gauge couplings of SU(3) × SU(2) × U(1)Y . Here we analyze the complete, i.e. chiral plus
non-chiral, massless matter spectrum, the respective one-loop beta function coefficients and
gauge threshold corrections. Not surprisingly, the number of models with distinct features
is enhanced from three to 196, which is about one quarter of the number of configurations
of fractional three-cycles on which these are realized.
6.1 Computation
The setup used for a statistical evaluation of the one-loop threshold corrections is the ensem-
ble of models on T 6/Z′6 considered in [28,37]. The total number of supersymmetric solutions
to the RR tadpole cancellation conditions found in this background was O(1023). In order
to compute the threshold corrections for this set of models, we have to obtain the relevant
intersection numbers and angles in the toroidal and Z2 twisted sectors for all of them. At
one-loop in the gauge couplings, the models are completely characterized by these three
quantities.
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The Z2 invariant intersection numbers in appendix A.1 turn out to be identical for configu-
rations where some brane displacement parameters (σ˜2, σ˜2; σ˜5, σ˜6) and Z2 eigenvalues τ
0 are
exchanged. With the shortened notation of σ1, σ3 ∈ {0, 1} if branes pass through the origin
or not on the the corresponding two-torus, the number of (at one-loop in the gauge couplings)
nonequivalent supersymmetric solutions to the RR tadpole cancellation conditions is by a
factor of 2 · 4k reduced compared to the values obtained in [28], where k is the total number
of (visible and hidden) stacks of D6-branes. The factor arises from an exchange symmetry of
the ‘right-brane’ c and the ‘leptonic brane’ d. This reduces the number of O(7 ·106) Standard
Models without chiral exotics of [28] to 768 distinct models, for which the massless spectra,
beta function coefficients and gauge thresholds can be computed explicitly.
The values of the gauge thresholds depend on unfixed moduli, in particular the overall volume
of the three two-tori, continuous Wilson lines and brane displacements. A full comparison of
the one-loop gauge thresholds for all continuous parameters does, however, overcharge the
computational effort. For practical reasons, we will therefore fix the two-tori volumes v at
specific values in the following and set continuous Wilson lines τ 2 and displacements σ2 to
zero, except for the ‘right-brane’ c (cf. the explicit examples in section 5.2).
6.2 Non-chiral matter content
In total we found 768 different models that have a visible sector with the chiral spectrum of
the MSSM (except for the Higgs sector), a massless hypercharge and no chiral exotics.Out
of these there are actually only 16 distinct classes of models, listed in table 14, which differ
in their non-chiral matter content. To keep this table readable we list the sum of the
total massless matter content for the various visible and hidden sectors. The examples in
section 5.2 belong to class (viii) for no hidden sector, (x) for a hidden Sp(2)hˆ1 and (xii) for
a hidden Sp(6)h3 gauge group.
The numbers of bifundamentals and symmetric and antisymmetric representations on branes
a, b, d matches those computed in section 5, whereas the number of antisymmetric and sym-
metric representations of brane c does not match exactly. This is on the one hand due to
the fact that the computer algorithm for this matter on U(N) stacks does not apply to
orientifold invariant branes such as c, for which we discussed the matter content in appendix
A.3. On the other hand, in section 5, we used that upon decomposing Sp(2N) → U(N)
by separating branes and their orientifold images the vector and one chiral multiplet in the
representation [SymU(N) + c.c.] acquire masses.
As can be seen from table 14 there are also only three classes of models with different ratios
of the tree level gauge couplings at the string scale and Higgs candidates, for more details
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see [28]. However, due to the different non-chiral matter sector one expects the one-loop
running of the gauge couplings and the threshold corrections to be more diverse. We will
see in the next section that this is indeed the case.
6.3 Field theoretic running of gauge couplings at one-loop
The one-loop running of the gauge couplings due to massless charged string states is deter-
mined by the beta-function coefficient ba in (24). It can be computed as outlined in section 3.
The relevant expressions in terms of intersection numbers and angles are summarized in the
appendix C in the fourth column of Table 24. The running of the couplings does not depend
on the volume of the compactification space or the exact values of the continuous position
and Wilson line moduli, in contrast to the threshold corrections ∆ which we will consider in
the next section.
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Figure 8: Number of models with different values of bG for G = SU(3)a (blue), SU(2)b (red) and
U(1)Y (yellow). Note that the color coding differs from the plots of the examples in section 5.2
We have computed the distribution of the beta function coefficients for the ensemble of
Standard Models on T 6/Z′6. The resulting frequency distribution for the running of SU(3),
SU(2) and U(1)Y is shown in figure 8, and in table 15, the correlations among different
beta function coefficients are listed. On the ABa lattice on T 6/Z′6, a total of ten different
combinations of one-loop beta function coefficients for the Standard Model gauge group
occur.
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The beta function coefficients for SU(3), SU(2) and U(1)B−L match the values in section
5, whereas for U(1)Y the values are augmented by 6 compared to section 5. The reason is,
as explained in section 6.2, the mismatch in the counting of symmetric representations on
brane c.
6.4 Threshold corrections
In contrast to the beta-function coefficients considered above, there is a dependency on the
two-torus volumes v present in the gauge thresholds ∆ coming from sectors where some
D6-branes are parallel.6 Since these correspond to unfixed moduli, their values are a priori
arbitrary. On physical grounds however, one has to put lower and upper bounds. In order
to be in the geometric regime where α′ corrections are sub-leading, v > 1 is necessary, and
an upper bound comes from the fact that large extra dimensions have not been observed so
far. In order to do a numerical comparison of the contributions in our ensemble of models,
we will choose different values for v between 1 and 10.
∆
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Figure 9: Number of models with different values of the one-loop gauge threshold corrections ∆ at
common volume v = 1 for G = SU(3)a (blue), SU(2)b (red) and U(1)Y (yellow).
6The threshold contributions from non-trivially intersecting D6-branes depend on the complex struc-
ture moduli through the angles. These complex structure moduli take discrete values for supersymmetric
models and thereby the threshold contributions are just some constants, whereas the Ka¨hler moduli are
unconstrained.
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Figure 10: Number of models with different values of the one-loop gauge threshold corrections ∆
at common volume v = 5 for G = SU(3)a (blue), SU(2)b (red) and U(1)Y (yellow).
The resulting frequency distributions are shown in figures 9 to 11. In table 16 we show the
different combinations of beta functions and threshold corrections that occur for v = 5. It
is interesting to note that the threshold corrections are considerably more diverse than the
values for the running of the gauge coupling. For v = 5, a total of 84 combinations of beta
function coefficients and values of gauge thresholds occurs. At the limiting value for a reliable
supergravity description at v = 1 we find 112 different combinations of threshold corrections
for the SU(3), SU(2) and U(1)Y gauge groups. Including the different values for the beta
functions we end up with 196 classes of models. This shows that although there seemed to be
not much variation in the different Standard Model-like constructions from the point of view
of the chiral matter content, they actually do behave quite differently as soon as one includes
one loop corrections. This result does not come as a total surprise though, since we know that
the non-chiral matter spectrum differs, which in turn gives contributions to the corrections
of the gauge couplings, and identical multiplicities of massless states can differ in terms of
their individual composition of intersection numbers. Another characteristic feature of the
distribution of ∆ is the behavior of the thresholds corrections for different values of v. As
we have already seen in the explicit examples in section 5.2 there is a difference between the
v-dependence of the SU(3) and SU(2) corrections. While the SU(3) corrections tend to large
negative values for larger v, the SU(2) part remains more or less constant in the negative
regime. This behavior can also be seen in the larger class of models under consideration
here.
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Figure 11: Number of models with different values of the one-loop gauge threshold corrections ∆
at common volume v = 10 for G = SU(3)a (blue), SU(2)b (red) and U(1)Y (yellow).
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no. s rkh h
αs
αw
sin2 θW
∑
x
ϕax
∑
x
ϕax
′ ∑
x
ϕbx
∑
x
ϕbx
′ ∑
x,h
ϕxh
∑
x,h
ϕxh
′ ∑
x
ϕAdjx
∑
x
ϕAntix
∑
x
ϕSymx #
i 0 0 18 4 0.67 12 15 30 32 0 0 20 52 53 12
ii 0 0 18 4 0.67 12 15 30 32 0 0 20 64 39 12
iii 0 0 18 4 0.67 12 15 32 30 0 0 20 52 53 24
iv 0 0 18 4 0.67 12 15 32 30 0 0 20 64 39 24
v 0 0 18 4 0.67 14 19 30 32 0 0 20 50 55 12
vi 0 0 18 4 0.67 14 19 30 32 0 0 20 66 37 12
vii 0 0 21 12 0.72 9 14 32 32 0 0 26 44 37 12
viii 0 0 21 12 0.72 9 14 32 32 0 0 26 48 31 12
ix 1 1 12 6 0.65 9 14 21 21 20 20 26 34 26 36
x 1 1 12 6 0.65 9 14 21 21 20 20 26 37 21 36
xi 1 3 12 6 0.65 9 14 21 21 4 4 26 34 26 108
xii 1 3 12 6 0.65 9 14 21 21 4 4 26 37 21 108
xiii 2 3 12 6 0.65 9 14 21 21 8 8 26 34 26 108
xiv 2 3 12 6 0.65 9 14 21 21 8 8 26 37 21 108
xv 3 3 12 6 0.65 9 14 21 21 12 12 26 34 26 72
xvi 3 3 12 6 0.65 9 14 21 21 12 12 26 37 21 72
Table 14: Classes of models with a visible sector resembling the Standard Model. The number of hidden sector stacks is given by
s, the total rank of the hidden sector gauge group by rkh and the number of Higgs pair candidates by h (which can be either Higgs
pair Hu +Hd multiplets or lepton/anti-lepton pairs L+ L¯). Furthermore the ratios of values for the tree-level gauge couplings at
the string scale and the total amount of chiral and non-chiral matter in the various sectors is given. The variable x in the sums
runs over the Standard Model D6-branes a, b, c, d, the variable h over all stacks in the hidden sector. The last column gives the
number of different geometrical realizations of each class.
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no. bSU(3)a bSU(2)b bU(1)Y bU(1)B−L #
xii, xiv, xvi 14 54 157/3 280/3 288
x 14 62 163/3 280/3 36
xi, xiii, xv 14 64 157/3 280/3 288
ix 14 68 163/3 280/3 36
viii 14 79 181/3 280/3 12
vii 14 91 181/3 280/3 12
ii, iv 18 86 58 132 36
i, iii 18 114 58 132 36
vi 24 88 56 124 12
v 24 124 56 124 12
Table 15: Combinations of beta function coefficients for SU(3)a, SU(2)b, U(1)Y and U(1)B−L for
the classes of spectra in table 14.
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bSU(3)a bSU(2)b bU(1)Y ∆SU(3)a ∆SU(2)b ∆U(1)Y # bSU(3)a bSU(2)b bU(1)Y ∆SU(3)a ∆SU(2)b ∆U(1)Y #
14 54 52.37 −44.12 −69.92 −53.64 32 14 54 52.37 −44.12 −69.92 −55.82 16
14 54 52.37 −44.12 −69.92 −57.89 32 14 54 52.37 −44.12 −69.92 −60.07 16
14 54 52.37 −70.32 −69.92 −18.71 32 14 54 52.37 −70.32 −69.92 −20.90 16
14 54 52.37 14.52 −69.92 −4.57 16 14 54 52.37 14.52 −69.92 −6.76 32
14 54 52.37 40.72 −69.92 −39.50 16 14 54 52.37 40.72 −69.92 −41.68 32
14 54 52.37 40.72 −69.92 −43.75 16 14 54 52.37 40.72 −69.92 −45.93 32
14 62 54.37 −36.78 −65.02 −61.95 4 14 62 54.37 −36.78 −65.02 −64.14 2
14 62 54.37 −62.97 −65.02 −27.03 4 14 62 54.37 −62.97 −65.02 −29.21 2
14 62 54.37 −62.97 −65.02 −31.27 4 14 62 54.37 −62.97 −65.02 −33.46 2
14 62 54.37 21.87 −65.02 −12.89 2 14 62 54.37 21.87 −65.02 −15.07 4
14 62 54.37 21.87 −65.02 −17.13 2 14 62 54.37 21.87 −65.02 −19.32 4
14 62 54.37 48.06 −65.02 −47.81 2 14 62 54.37 48.06 −65.02 −50 4
14 64 52.37 −44.12 −105.36 −53.64 32 14 64 52.37 −44.12 −105.36 −55.82 16
14 64 52.37 −44.12 −105.36 −57.89 32 14 64 52.37 −44.12 −105.36 −60.07 16
14 64 52.37 −70.32 −105.36 −22.96 32 14 64 52.37 −70.32 −105.36 −25.14 16
14 64 52.37 14.52 −105.36 −11 32 14 64 52.37 14.52 −105.36 −8.82 16
14 64 52.37 40.72 −105.36 −39.50 16 14 64 52.37 40.72 −105.36 −41.68 32
14 64 52.37 40.72 −105.36 −43.75 16 14 64 52.37 40.72 −105.36 −45.93 32
14 68 54.37 −36.78 −100.46 −66.20 4 14 68 54.37 −36.78 −100.46 −68.39 2
14 68 54.37 −62.97 −100.46 −27.03 4 14 68 54.37 −62.97 −100.46 −29.21 2
14 68 54.37 −62.97 −100.46 −31.27 4 14 68 54.37 −62.97 −100.46 −33.46 2
14 68 54.37 21.87 −100.46 −12.89 2 14 68 54.37 21.87 −100.46 −15.07 4
14 68 54.37 21.87 −100.46 −17.13 2 14 68 54.37 21.87 −100.46 −19.32 4
14 68 54.37 48.06 −100.46 −52.06 2 14 68 54.37 48.06 −100.46 −54.25 4
14 79 60.37 −56.32 −87.05 −50.79 4 14 79 60.37 −56.32 −87.05 −52.97 2
14 79 60.37 34.07 −87.05 −35.72 2 14 79 60.37 34.07 −87.05 −37.91 4
14 91 60.37 −56.32 −159.72 −55.04 4 14 91 60.37 −56.32 −159.72 −57.22 2
14 91 60.37 34.07 −159.72 −39.97 2 14 91 60.37 34.07 −159.72 −42.16 4
18 114 57.97 −62.65 −99.45 −60.95 4 18 114 57.97 −62.65 −99.45 −65.20 4
18 114 57.97 −62.65 −99.45 −67.29 2 18 114 57.97 −62.65 −99.45 −67.38 4
18 114 57.97 −62.65 −99.45 −69.36 4 18 114 57.97 10.16 −99.45 −51 4
18 114 57.97 10.16 −99.45 −52.97 2 18 114 57.97 10.16 −99.45 −53.06 4
18 114 57.97 10.16 −99.45 −55.25 4 18 114 57.97 10.16 −99.45 −59.41 4
18 86 57.97 −62.65 −146.39 −60.95 4 18 86 57.97 −62.65 −146.39 −63.13 4
18 86 57.97 −62.65 −146.39 −65.11 4 18 86 57.97 −62.65 −146.39 −65.20 4
18 86 57.97 −62.65 −146.39 −71.54 2 18 86 57.97 10.16 −146.39 −48.81 4
18 86 57.97 10.16 −146.39 −51 4 18 86 57.97 10.16 −146.39 −55.16 4
18 86 57.97 10.16 −146.39 −55.25 4 18 86 57.97 10.16 −146.39 −57.22 2
24 124 55.97 −56.59 −140.76 −75.33 4 24 124 55.97 −56.59 −140.76 −77.52 2
24 124 55.97 16.22 −140.76 −63.20 2 24 124 55.97 16.22 −140.76 −65.38 4
24 88 55.97 −56.59 −103.63 −71.08 4 24 88 55.97 −56.59 −103.63 −73.27 2
24 88 55.97 16.22 −103.63 −58.95 2 24 88 55.97 16.22 −103.63 −61.13 4
Table 16: Classes of models with different values for one-loop gauge group running coefficients and
threshold corrections on T 6/Z′6 with v = 5.
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7 Conclusions
In this article, we completed the computation of gauge threshold due to massive string modes
for intersecting fractional D6-branes. To do so, we discussed the full dependence on open
string moduli in all amplitudes and derived the amplitude for D6-branes at one vanishing
angle along a direction with Z2 action but at angles on the reming two-torus in section 3.
The divergent parts of the amplitudes provided the one-loop beta function coefficients due
to massless strings from which we were able to distinguish symplectic and orthogonal gauge
groups in appendix A.3. It turned out that for all choices of Ka¨hler moduli well in the
geometric regime and a given set of Wilson lines and displacements, the gauge thresholds
of the strong interactions were strengthening the gauge couplings at the string scale for the
explicit T 6/Z′6 models in section 5.2 while weakening them for the T
6/Z6 model in section 5.1.
The same phenomenon occured for the electro-weak interactions in the T 6/Z6 model and
the T 6/Z′6 model with a hidden gauge factor Sp(6)h3, in the latter for not too large volume.
In contrast to the models considered in [52] where all three quark generations occur at the
same intersection, we find models where different generations occur at intersections of various
orbifold images, e.g. the right-handed down-quarks at intersections of a with brane c and
(θ2c). Therefore the rank of the Yukawa matrix is not restricted to one and deserves further
investigation. Something similar occurs in heterotic orbifold constructions [53] where one
generation of quarks arises from the bulk and two from orbifold fix points.
We found in one of the examples in section 5.2 that hidden sector gauge groups can be-
come strongly coupled, which opens up a window to supersymmetry breaking via a gaugino
condensate. However, in order to discuss the phenomenology of this model in more detail,
it will be necessary to compute Yukawa couplings on fractional branes, in particular those
where chiral matter states appear at vanishing angle on a torus with non-trivial Z2 action,
and instanton corrections and derive mass terms for the non-chiral matter states and hidden
sector gauginos in the model.
From a statistical point of view, we found that the number of physically distinct D6-branes,
at least at our one-loop examination, is per given toroidal cycle by a factor of four smaller
than in our previous analysis [28]. This enabled us to fully classify the 768 models with
three Standard Model generations by their gauge groups and full massless matter content
as well as distinct beta function coefficients. While at tree level only three different classes
arise, including the beta function augments the number to ten different realizations of the
Standard Model sector. Including the one-loop threshold corrections we find that there are
196 different classes of models. This complete survey of models is also interesting from a
string landscape point of view. Eventually the results obtained here could be compared to
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results in other corners of the string landscape, as a first step to other relatively simple
toroidal orientifold models, such as those in [30, 54, 55]. Furthermore one could use the
results to look for correlations between the coupling behavior and other properties of the
models [56, 57].
Our analysis was focussed on numerical values of the gauge couplings. In order to obtain
the standard supergravity description in terms of the holomorphic gauge kinetic functions,
the Ka¨hler and superpotential and to determine further Yukawa couplings and mass terms,
it will be necessary to work out the correct field redefinitions which mix the dilaton and
complex structure moduli from untwisted as well as orbifold twist sectors analogously to the
case for bulk branes [44, 45, 58] and rigid branes [34, 35] in the T 6/Z2 × Z2 backgrounds.
In [59,60] and in a more stringy context in [61], it was realized that the existence of anomalous
Abelian gauge factors can lead to kinetic mixing. It remains to be seen if the present models
can provide for low-energy signatures which can be detected at the LHC.
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A Computation of massless spectra and constraints of
orientifold models
A.1 The computation of Z2 invariant intersection numbers
In this appendix, we give some details on how the Z2 invariant intersection numbers I
Z2
ab with
relative signs introduced in (7) are obtained. They can be written in the factorized form
IZ2ab = (−1)τ
0
a+τ
0
b I
Z2,(1)
ab I
(2)
ab I
Z2,(3)
ab , (138)
where I
Z2,(i)
ab denote the Z2 invariant points on T
2
i dressed with the corresponding Wilson
lines as detailed below, and I
(2)
ab is the toroidal intersection number on the two-torus where
the Z2 action is trivial (remember ~vZ2 =
1
2
(1, 0,−1) throughout this article). It should be
noted that while in (138) the Z2 eigenvalues τ
0 appear explicitly, we define the Z2 invariant
intersection numbers I
Z2,(i·j)
ab on a four-torus which appear e.g. in table 22 if I
(2)
ab = 0, such
that these are included,
I
Z2,(1·3)
ab ≡ (−1)τ
0
a+τ
0
b I
Z2,(1)
ab I
Z2,(3)
ab . (139)
The orientifold action exchanges the Z2 eigenvalues, τ
0
b′ = τ
0
b + 1,such that we get a factor
of (−1)τ0a+τ0b+1 in equations (138) and (139) for IZ2ab′ .
As discussed in [36, 37], in order to avoid a double counting of orbifold image cycles in
a T 6/Z6 or T
6/Z′6 background, it suffices to consider only toroidal one-cycles of the type
(n1, m1) = (odd,odd). From figure 2, one reads off that a cycle which passes through the
origin, i.e. (σ˜1, σ˜2) = (0, 0) or σ1 = 0,7 passes through the Z2 invariant points (1,6). On the
Z6 invariant A torus, these points transform as follows under the orbifold and orientifold
action 
 1
6

 Z6→

 1
4

 Z6→

 1
5


ΩR ↓
 1
5

 Z6→

 1
6

 Z6→

 1
4

 .
(140)
7By σ˜i ∈ {0, 1/2} we denote displacements along the one-cycle πi as in [28]. Throughout the body of this
article we use the shorter notation that σi = 0 or 1 if a one-cycle is passing through the origin on the ith
two-torus T 2
i
or displaced from it by 1
2
π2i−1 for m1 odd or by
1
2
π2i for m1 even, respectively.
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If the cycle is displaced from the origin by 1
2
π1, i.e. (σ˜
1, σ˜2) = (1/2, 0) or σ1 = 1, it passes
through the Z2 invariant points (4,5), and the complete Z6 and orientifold orbit is as follows,
 4
5

 Z6→

 5
6

 Z6→

 6
4


ΩR ↓
 4
6

 Z6→

 5
4

 Z6→

 6
5

 .
(141)
In both cases, the upper entry is assigned the prefactor 1 and the lower one the factor (−1)τ1
with τ 1 = 0 if there is no Wilson line and τ 1 = 1 in case of a discrete Wilson line. The
counting of the Z2 invariant intersection numbers with signs from relative Wilson lines can
be read off by multiplying the corresponding prefactors if branes pass through the same Z2
invariant point. The result is summarized in table 17.
Z2 invariant intersection numbers I
Z2,(1)
a(θkb)
on a Z6 invariant A-type two-torus T
2
1
(σ1a, σ
1
b ) ab a(θb) a(θ
2b) ab′ a(θb′) a(θ2b′)
(0, 0) 1 + (−1)τ1a+τ1b 1 1 1 1 + (−1)τ1a+τ1b 1
(1, 0) ∅ (−1)τ1b (−1)τ1a+τ1b (−1)τ1a+τ1b ∅ (−1)τ1b
(0, 1) ∅ (−1)τ1a+τ1b (−1)τ1a (−1)τ1a+τ1b ∅ (−1)τ1a
(1, 1) 1 + (−1)τ1a+τ1b (−1)τ1a (−1)τ1b 1 (−1)τ1a + (−1)τ1b (−1)τ1a+τ1b
Table 17: Counting of Z2 invariant intersection numbers with relative Wilson lines for a two-
torus with Z6 symmetry. If the wrapping numbers of the two one-cycles are of the same type,
e.g. (n1,m1) =(odd,odd), the counting gives ±2 for no relative Wilson line or distance and a
cancellation of the two contributions in the presence of a relative Wilson line. If cycles of the same
type are displaced, they do not intersect in any Z2 invariant intersection point. If the one-cycle
wrapping numbers (n1,m1) of brane a and (θ
kb) are of different type, the Z2 invariant intersection
number is ±1.
On a Z2 invariant a-type lattice as in figure 1, all orbifold and orientifold images (θ
ka) and
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(θka′) of a one-cycle a pass through the same Z2 fixed points, see the list below.
a− torus Z2 fixed points
(n3, m3) σ
3 = 0 σ3 = 1
(odd,even)

 1
2



 4
3


(odd,odd)

 1
3



 2
4


(even,odd)

 1
4



 2
3


(142)
The assignment of 1 and (−1)τ3 for the upper and lower entry is analogous to the discussion
on T 21 , and the resulting combinatorics of the counting of Z2 invariant intersections on T
2
3 is
given in table 18.
Z2 invariant intersection numbers I
Z2,(3)
a(θkb)
on the a-type two-torus T 23
(na3, m
a
3) = (odd,even) (n
b
3, m
b
3)
(σ3a, σ
3
b ) (odd,even) (odd,odd) (even,odd)
(0, 0) 1 + (−1)τ3a+τ3b 1 1
(1, 0) ∅ (−1)τ3a+τ3b (−1)τ3b
(0, 1) ∅ (−1)τ3a (−1)τ3a
(1, 1) 1 + (−1)τ3a+τ3b (−1)τ3b (−1)τ3a+τ3b
Table 18: Counting of Z2 invariant intersection numbers with relative Wilson lines for a rectangular
two-torus with Z2 symmetry. As for the Z6 invariant torus in table 17, the values are even (0 or
±2) if the wrapping numbers are of the same type and ±1 otherwise. The remaining cases with
ma3 =odd are completely analogous.
A.2 The complete massless open spectrum
The complete massless open-string spectrum for intersecting D6-branes in a T 6/Z2N back-
ground has been given in [28]. Since the multiplicities of charged matter states serve as a
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guideline that both the relative and absolute prefactors of the threshold corrections have
been computed accurately, we list the massless open string spectrum here again in table 19.
Chiral and non-chiral massless matter on T 6/(Z2N × ΩR)
rep. total number ϕ
(Adja) 1 +
1
4
∑N−1
k=1
∣∣∣Ia(θka) + IZ2a( thetaka)∣∣∣
(Antia)
1
4
∑N−1
k=0
∣∣∣Ia(θka′) + IZ2a(θka′) + IΩRθ−ka + IΩRθ−k+Na ∣∣∣
(Syma)
1
4
∑N−1
k=0
∣∣∣Ia(θka′) + IZ2a(θka′) − IΩRθ−ka − IΩRθ−k+Na ∣∣∣
(Na,Nb)
1
2
∑N−1
k=0
∣∣∣Ia(θkb) + IZ2a(θkb)∣∣∣
(Na,Nb)
1
2
∑N−1
k=0
∣∣∣Ia(θkb′) + IZ2a(θkb′)∣∣∣
Table 19: Chiral plus non-chiral matter states ϕ in T 6/(Z2N × ΩR) models with fractional inter-
secting D6-branes for generic non-vanishing angles. For vanishing angles, the formulae are modified
as discussed in the text.
Modifications occur if some angle φ(i) vanishes, where here again the second two-torus is
chosen to be Z2 invariant, i.e. ~vZ2 =
1
2
(1, 0,−1):
1. (φ(1), φ(2), φ(3)) = (0, 0, 0): D6-branes wrapping the same bulk cycle carry no matter
if there is a relative Wilson line or distance. If both vanish, there is one chiral mul-
tiplet in the Adja of U(Na) for Na identical D6-branes and 2 × [(N1a,N2a) + c.c.]
for τ 0a1 = τ
0
a2
+ 1 mod 2 (i.e. fractional D6-branes with opposite Z2 eigenvalues), or
2 × [Antia + c.c.] for a2 = (θka′1) (ΩR invariant bulk cycles, and the Z2 eigenvalue is
exchanged by the ΩR projection).
2. (φ(1), φ(2), φ(3)) = (φ, 0,−φ): the D6-branes are parallel along the one direction where
Z2 acts trivially. For orientifold images, one has to distinguish if the D6-branes are
parallel to some O6-planes or perpendicular to them. In case of vanishing Wilson lines
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and distances, the massless spectrum is computed from
ϕab,‖T
2
2 →
∣∣∣I(1·3)a(θkb) + IZ2,(1·3)a(θkb) ∣∣∣ ,
ϕAdja,‖T
2
2 → 1
2
∣∣∣I(1·3)a(θka) + IZ2,(1·3)a(θka) ∣∣∣ ,
ϕAntia,‖T
2
2 ‖ΩRθ−k(+N)
ϕSyma,‖T
2
2 ‖ΩRθ−k(+N)

→ 12
∣∣∣I(1·3)a(θka′) + IZ2,(1·3)a(θka′) ± (IΩRθ−k,(1·3)a + IΩRθ−k+N ,(1·3)a )∣∣∣ ,
ϕAntia,‖T
2
2⊥ΩRθ−k(+N)
ϕSyma,‖T
2
2⊥ΩRθ−k(+N)

→ 12
∣∣∣I(1·3)a(θka′) + IZ2,(1·3)a(θka′) ∣∣∣ .
(143)
If the D6-branes are continuously displaced from each other or a relative Wilson line
is switched on on T 22 , the corresponding strings acquire a mass according to (38).
The open strings stretching between D6-brane a and its orbifold image (θa) in a T 6/Z4
background are of this type.
3. (φ(1), φ(2), φ(3)) = (φ,−φ, 0): the D6-branes are parallel along some direction where Z2
acts non-trivially,
ϕab,‖T
2
3 → δσ3a,σ3b δτ3a ,τ3b
∣∣∣I(1·2)a(θkb)∣∣∣ ,
ϕAdja,‖T
2
3 → 1
2
∣∣∣I(1·2)a(θka)∣∣∣ for k 6= 0,
ϕAntia,‖T
2
3
ϕSyma,‖T
2
3

→ 12
∣∣∣I(1·2)a(θka′) ± IΩRθ−y(1·2)a ∣∣∣
with the exponent y =

 k a ‖ ΩRθ
−k on T 23
k +N a ‖ ΩRθ−k+N on T 23
.
(144)
The parameters of discrete displacements and Wilson lines σi and τ i take values in
{0, 1}. The case (φ(1), φ(2), φ(3)) = (0, φ,−φ) is completely analogous.
The open strings stretching from D6-brane a to some orbifold image (θka)k=1,2 in the
T 6/Z′6 background discussed in section 5.2 are of this type.
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A.3 Determination of SO(2M) or Sp(2M) gauge groups and their
matter states
In a T 6/(Z2N×ΩR) background, there are two different kinds of D6-branes which are invari-
ant under the orientifold projection: either their toroidal part is parallel to two O6-planes
ΩRθ−k and ΩRθ−k+N along the two-torus where the Z2 action is trivial, or their toroidal
part is perpendicular to these two O6-planes on the same two-torus. In this appendix, we
will determine the correct assignment of antisymmetric and symmetric representations by
comparison with the general formula for beta function coefficients in the fourth column of
table 24.
In N = 1 supersymmetric field theory, the vector multiplet in the adjoint representation Adj
of some gauge group G and chiral multiplets in various representations Ri of G contribute
to the one-loop beta function coefficient,
bG = −3C2(Adj) +
∑
i
C2(Ri), (145)
with the quadratic Casimir operators C2. For an SU(N) gauge group, in (26) we used the
normalization for the quadratic Casimir of the fundamental representation C2(N) =
1
2
and
the relations
C2(Adj) = 2N C2(N),
C2(Anti, /Sym) = (N ∓ 2)C2(N).
(146)
In order to compare the derivation of the beta function coefficients for SO(2M) or Sp(2M)
gauge groups with the formulae in table 24 involving intersection numbers only, the analogous
relations for these groups are needed,
C2(AntiSO/Sp(2M)) = (2M − 2)C2(2M),
C2(SymSO/Sp(2M)) = (2M + 2)C2(2M).
(147)
In the T 6/Z6 example in section 5.1, branes x ∈ {c, e} are parallel to the ΩRθ−4 plane, and
the contributions to the beta function coefficients are
bSO/Sp(2Mx) ⊃
1
2
[(
−Mx IZ2,(1·2)xx + I˜ΩRθ
−1,(1·2)
x
)
+
2∑
k=1
(−1)k
(
Mx
Ix(θkx) + I
Z2
x(θkx)
2
− I˜
ΩRθ−1−k
x + I˜
ΩRθ−4−k
x
2
)]
= − (2Mx + 2) + 2 · 0,
(148)
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where the over-all factor 1
2
arises from the fact that in table 24, we are implicitly summing
over D6-branes and their orientifold images, but for the orientifold invariant branes x no
such sum appears.
The first contribution from parallel D6-branes is consistent with the vector and one chiral
multiplet in the symmetric representation, i.e. an Sp(2Mx) gauge group and one chiral
multiplet in the adjoint representation,
−3C2(AdjSp(2Mx)) + C2(AdjSp(2Mx)) = −2C2(AdjSp(2Mx))
= −2 (2Mx + 2)C2(2Mx),
(149)
with the normalization C2(2Mx) =
1
2
. The remaining contributions to the spectrum from
the x(θx) + x(θ2x) sectors vanish since we computed in table 24 of [28] that the massless
states are Z2 even, but the D6-branes x are displaced on T
2
2 from the origin and carry a
discrete Wilson line there. The resulting minus sign in the projection of the Chan-Paton
label is responsible for the non-existence of the states at intersections of orbifold images of
x.
In the T 6/Z′6 examples in section 5.2, D6-brane c is parallel to the ΩRθ−4 plane and the
hidden brane hˆ1 is parallel to the ΩRθ−1 plane resulting in the beta function coefficients
according to table 24
bSO/Sp(2Mc) ⊃
1
2
[(
−Mc IZ2,(1·3)cc + I˜ΩRθ
−1,(1·3)
c
)
+
2∑
k=1
(
−McI(1·2)c(θkc) + I˜ΩRθ
−4+2k,(1·2)
c
)]
= − (2Mc + 2) + 2 · 3 (Mc − 1)
2
,
bSO/Sp(2M
hˆ1
) ⊃1
2
[(
−Mhˆ1 I
Z2,(1·3)
hˆ1hˆ1
+ I˜
ΩRθ−4,(1·3)
hˆ1
)
+
2∑
k=1
(
−Mhˆ1I
(1·2)
hˆ1(θk hˆ1)
+ I˜
ΩRθ−1+2k,(1·2)
hˆ1
)]
= − (2Mhˆ1 + 2)+ 2 · 9 (Mhˆ1 − 1)2 .
(150)
For both D6-branes y ∈ {c, hˆ1}, the first term indicates again an Sp(2My) gauge group
with one chiral multiplet in the adjoint representation living on parallel D6-branes, and the
y(θy)+y(θ2y) sector provides three multiplets in the antisymmetric representation for y = c
and nine antisymmetrics for y = hˆ1.
The stack h3 of D6-branes belongs to the second class of SO/Sp(2M)h3 branes since it is
orthogonal to the ΩRθ−1 and ΩRθ−4 planes along the Z2 invariant two-torus T 22 . In this
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case, the beta function coefficient is computed from
bSO/Sp(2M)h3 ⊃
1
2
[(
−Mh3IZ2,(1·3)h3h3 + I˜
ΩRθ−1,(1·2)
h3
+ I˜
ΩRθ−4,(2·3)
h3
)
+
2∑
k=1
(
−Mh3I(1·2)h3(θkh3) + I˜
ΩRθ−1+2k,(1·2)
h3
)]
= − (2Mh3 + 4) + 2 ·
Mh3 − 1
2
.
(151)
The first term is consistent with the vector in the symmetric and a chiral multiplet in the
antisymmetric representation,
− 3C2(AdjSp(2Mh3 )) + C2(AntiSp(2Mh3)) = −2 (2Mh3 + 4)C2(2Mh3), (152)
with the normalization C2(2Mh3) =
1
2
. The h3(θh3) + h3(θ
2h3) sectors provide one more
chiral multiplet in the antisymmetric representation.
A.4 Reformulations of the RR tadpole conditions
In section 2, we argued that several identities involving the intersection numbers I
(i)
ab and
generalizations of the (square of the) one-cycle volumes V
(i)
ab hold. In this appendix, we give
some evidence why these generalizations work out correctly.
The starting point is the toroidal part. A toroidal three-cycle is fully specified by its six
one-cycle wrapping numbers
~Xtorus =


~x1
~x2
~x3

 with ~xi =

 ni
mi

 , (153)
but toroidal three-cycles in this representation are not added using the usual vector addi-
tion. We define the following multiplicative actions on one-cycles ~xi (the first three with
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determinant +1, the last with -1),
I =

 0 1
−1 0

 , V =



 R1R2 + b2R2R1 b R2R1
b R2
R1
R2
R1

 a,b
1√
3

 2 1
1 2

 A,B
,
Θi =



 0 −1
1 1

 Z6
 −1 −1
1 0

 Z3
 −1 0
0 −1

 Z2
, R =



 1 0
−2b −1

 a,b
 1 1
0 −1

 A
 0 1
1 0

 B
,
(154)
where the intersection matrix I is independent of the lattice, V differs for Z4 and Z6 invariant
lattices, R depends also on the orientation of each lattice and Θi encodes the various orbifold
rotations. These matrices give the relations
(~xai )
TI~xbi = I(i)ab , (~xai )TV~xbi = V (i)ab , R~xbi = ~xb
′
i , Θ
k
i ~x
b
i = ~x
(θkb)
i , (155)
where matrices and vectors are multiplied in the usual way.
Actions on three-cycles are described by the above components as follows,
~Θ = diag (Θ1,Θ2,Θ3) ,
~I = diag (I, I, I) ,
~V = diag (V,V,V) ,
~J1 = diag (V, I, I) ,
~J2 = diag (I,V, I) ,
~J3 = diag (I, I,V) ,

 ⇒ ~K =
3∑
i=1
~Ji,
(156)
where by Θi we denote the fact that the orbifold action on the various tori might be different,
e.g. in the T 6/Z′6 case, the shift vector ~v = (
1
6
, 1
3
,−1
2
) corresponds to ~Θ = diag(Z6,Z3,Z2).
An orbifold invariant bulk cycle for T 6/Z2N is (up to normalization) of the form
~Xbulka = ⊕˜N−1k=0 ~Θk ~Xtorusa , ~XbulkΩR = ⊕˜2N−1k=0 ~XtorusΩRθ−k , (157)
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with an unspecified prescription ⊕˜ for adding three-cycles.
Even though the explicit form of adding three-cycles is not known, the toroidal part of the
anomaly cancellation condition (11) can be written in this formalism as
0 =
(
~Xbulka
)T
~I
(
⊕˜bNb
(
~Xbulkb ⊕˜ ~Xbulkb′
)
⊕˜(−4) ~XbulkΩR
)
︸ ︷︷ ︸
= 0due to bulk RR tadpole condition
=
∑
b
Nb
((
~Xbulka
)T
~I ~Xbulkb +
(
~Xbulka
)T
~I ~Xbulkb′
)
− 4
(
~Xbulka
)T
~I ~XbulkΩR ,
(158)
where in the last line “±” are the usual operations of adding and subtracting numbers. In
this formulation it is natural to replace the matrix operation ~I by any other matrix valued
transformation and still get vanishing results. The first equality in (14) was obtained by
exchanging ~I in (158) with ~K as defined in (156). We checked explicitly that these equations
indeed hold for the examples in section 5 and the statistical ensemble in section 6.
The other rewritten form of the bulk RR tadpole cancellation condition in (17) is obtained
by using the matrix ~V defined in (156) instead of ~I in (158), and the vanishing tadpole for a
massless U(1) factor is obtained by rewriting the bulk part of the identity (87) in the present
notation,
0 =
(
~XbulkX
)T
~I
(
~XbulkX′ ⊕˜(−1) ~XbulkX
)
︸ ︷︷ ︸
= 0 for a massless U(1)X
=
(
~XbulkX
)T
~I ~XbulkX′ −
(
~XbulkX
)T
~I ~XbulkX ,
(159)
and replacing ~I by ~K.
The above formalism can be extended to fractional D6-branes by defining similar vectors for
the exceptional three-cycles,
~Xexa =

 ya(ij)
~xa2

 , ~XexΩRθ−k = (~0) , (160)
where the index (ij) runs over the 16 Z2 fixed points on T
2
1 × T 23 , and four ya(ij) = ±1 for
those Z2 fixed points hit by the toroidal cycle with wrapping numbers (n
a
i , m
a
i ), and zero
for the remaining twelve. The orbifold symmetries Θi and orientifold involution R act as
permutations on these 16 entries (plus an over-all sign for R) and as before on the toroidal
one-cycle given by ~xa2. The intersection form on the 16 fixed point entries is just the unit
matrix 1I16. The above discussion for the bulk cycles carries over directly to the exceptional
cycles leading to the second equation in (14).
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B Threshold computations
In this appendix, we collect Jacobi theta function identities, check prefactors of tree channel
amplitudes contributing to RR tadpole cancellation on fractional D6-branes and perform the
integration of Jacobi theta function derivatives needed in the gauge threshold computation.
B.1 Jacobi theta function identities
The Jacobi theta functions with characteristics and the Dedekind eta function are defined
by (q ≡ e2piiτ )
ϑ
[
α
β
]
(ν, τ) =
∑
n∈Z
q
(n+α)2
2 e2pii(n+α)(ν+β),
η(τ) = q
1
24
∞∏
n=1
(1− qn) .
(161)
For α ∈ (−1
2
, 1
2
], the following product expansion holds,
ϑ
[
α
β
]
(ν, τ)
η(τ)
= e2piiα(ν+β) q
α2
2
− 1
24
∞∏
n=1
(
1 + e2pii(ν+β) qn+α−
1
2
)(
1 + e−2pii(ν+β) qn−α−
1
2
)
. (162)
The standard Jacobi theta functions are defined as
ϑ1(ν, τ) = −ϑ
[
1/2
1/2
]
(ν, τ), ϑ2(ν, τ) = ϑ
[
1/2
0
]
(ν, τ),
ϑ3(ν, τ) = ϑ
[
0
0
]
(ν, τ), ϑ4(ν, τ) = ϑ
[
0
1/2
]
(ν, τ),
(163)
with special relations at ν = 0 for the first Jacobi theta function,
ϑ1(0, τ) = 0, ∂νϑ1(0, τ) ≡ ϑ′1(0, τ) = 2π η3(τ), ∂2νϑ1(0, τ) ≡ ϑ′′1(0, τ) = 0. (164)
For the conversion from loop to tree channel, the following modular transformation properties
are useful,
ϑ1(ν, τ) = i
e−ipiν
2/τ
√−iτ ϑ1(
ν
τ
,−1
τ
), ϑ3(ν, τ) =
e−ipiν
2/τ
√−iτ ϑ3(
ν
τ
,−1
τ
),
ϑ2(ν, τ) =
e−ipiν
2/τ
√−iτ ϑ4(
ν
τ
,−1
τ
), ϑ4(ν, τ) =
e−ipiν
2/τ
√−iτ ϑ2(
ν
τ
,−1
τ
),
η(τ) =
1√−iτ η(−
1
τ
),
(165)
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and when evaluating the lattice contributions for arbitrary distances and Wilson lines, the
mirror symmetry relations
ϑi(ν, τ) = ϑi(ν,−τ ) i = 1 . . . 4, η(τ) = η(−τ), (166)
are needed.
The computation of gauge threshold corrections for supersymmetric D6-brane configurations,
i.e.
∑3
i=1 φ
(i) = 0 with |φ(i)| < 1, requires the following theta function identities,
1. for parallel D6-branes (φ(i) = 0 for all i)
ϑ′′3(0, τ) (ϑ3(0, τ))
3 − ϑ′′2(0, τ) (ϑ2(0, τ))3 − ϑ′′4(0, τ) (ϑ4(0, τ))3
η12(τ)
= 0,
ϑ′′3(0, τ)ϑ3(0, τ) (ϑ2(0, τ))
2 − ϑ′′2(0, τ)ϑ2(0, τ) (ϑ3(0, τ))2
η6(τ) (ϑ4(0, τ))
2 = 4π
2,
(167)
2. for D6-branes at angles along a four-torus, e.g. (φ(1), φ(2), φ(3)) = (0, φ,−φ),
ϑ′′3(0, τ)ϑ3(0, τ)ϑ3(φ, τ)ϑ3(−φ, τ)− ϑ′′2(0, τ)ϑ2(0, τ)ϑ2(φ, τ)ϑ2(−φ, τ)
− ϑ′′4(0, τ)ϑ4(0, τ)ϑ4(φ, τ)ϑ4(−φ, τ)
= 4π2
(
η6(τ)ϑ1(φ, τ)ϑ1(−φ, τ)
)
,
ϑ′′3(0, τ)ϑ2(0, τ)ϑ3(φ, τ)ϑ2(−φ, τ)− ϑ′′2(0, τ)ϑ3(0, τ)ϑ2(φ, τ)ϑ3(−φ, τ)
= 2π
(
ϑ′1
ϑ1
(φ, τ) +
ϑ′4
ϑ4
(−φ, τ)
) (
η3(τ)ϑ4(0, τ)ϑ1(φ, τ)ϑ4(−φ, τ)
)
,
ϑ′′3(0, τ)ϑ3(0, τ)ϑ2(φ, τ)ϑ2(−φ, τ)− ϑ′′2(0, τ)ϑ2(0, τ)ϑ3(φ, τ)ϑ3(−φ, τ)
− ϑ′′4(0, τ)ϑ4(0, τ)ϑ1(φ, τ)ϑ1(−φ, τ)
= 4π2
(
η6(τ)ϑ4(φ, τ)ϑ4(−φ, τ)
)
,
(168)
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3. for D6-branes at angles along the whole six-torus
ϑ′′3(0, τ)
(
3∏
i=1
ϑ3(φ
(i), τ)
)
− ϑ′′2(0, τ)
(
3∏
i=1
ϑ2(φ
(i), τ)
)
− ϑ′′4(0, τ)
(
3∏
i=1
ϑ4(φ
(i), τ)
)
P
i φ
(i)=0
= 2 π
(
3∑
i=1
ϑ′1
ϑ1
(φ(i), τ)
)(
η3(τ)
3∏
i=1
ϑ1(φ
(i), τ)
)
,
ϑ′′3(0, τ)ϑ3(φ
(2), τ)
(∏
i=1,3
ϑ2(φ
(i), τ)
)
− ϑ′′2(0, τ)ϑ2(φ(2), τ)
(∏
i=1,3
ϑ3(φ
(i), τ)
)
− ϑ′′4(0, τ)ϑ4(φ(2), τ)
(∏
i=1,3
ϑ1(φ
(i), τ)
)
P
i φ
(i)=0
= 2 π
(
ϑ′1
ϑ1
(φ(2), τ) +
∑
i=1,3
ϑ′4
ϑ4
(φ(i), τ)
)(
η3(τ)ϑ1(φ
(2), τ)
∏
i=1,3
ϑ4(φ
(i), τ)
)
,
(169)
where again primes denote derivatives with respect to the first argument. The first identity
for each case belongs to the purely toroidal contribution, the second (and third) one is
required for the Z2 twisted part.
The resulting ratios of Jacobi theta functions and their derivatives can be expanded as
follows,
ϑ′1
ϑ1
(ν, τ) = π cot(πν) + 4π
∞∑
n,k=1
sin(2πνk) qnk,
ϑ′4
ϑ4
(ν, τ) = 4π
∞∑
n,k=1
sin(2πνk) q(n−
1
2
)k.
(170)
The vacuum RR tadpole cancellation conditions are obtained using the asymptotics
ϑ2(0, τ)
η3(τ)
τ→i∞−→ 2, ϑ3
ϑ4
(ν, τ)
τ→i∞−→ 1, ϑ2
ϑ1
(ν, τ)
τ→i∞−→ cot(πν). (171)
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In detail, the tree channel oscillator contributions in the RR sector and their asymptotics
are listed in Tables 20 and 21 in dependence of the relative angles and the loop channel
insertion which becomes a twist sector in the tree channel. For parallel D6-branes, some
lattice contribution has to be added. These contributions are identical to (41) for the annulus
and (55) for the Mo¨bius strip. Their asymptotics is 1, as can be seen from the expansion (42).
The last columns of Tables 20 and 21 demonstrate that upon taking into account also the
RR tadpole contributions of the closed string tree level Klein bottle amplitude, equation (17)
is obtained.
Annulus
Angle
pi in
se
rt
io
n
π2×
prefactor
RR− sector
oscillators
asymptotics
π
2
×
p
re
fa
ct
or
×
as
y
m
p
to
ti
cs
(0, 0, 0) 1I −NaNb
32
∏3
i=1 V
(i)
ab
(
ϑ2(0,τ)
η3(τ)
)4
16 −NaNb
Q3
i=1 V
(i)
ab
2
Z2 − I
Z2,(1·3)
ab NaNbV
(2)
ab
8
(
ϑ2(0,τ)
η3(τ)
ϑ3
ϑ4
(0, τ)
)2
4 − I
Z2,(1·3)
ab NaNbV
(2)
ab
2
(φ,−φ, 0) 1I − I
Z2,(1·3)
ab NaNbV
(2)
ab
8
(
ϑ2(0,τ)
η3(τ)
)2
ϑ2
−ϑ1 (φ, τ)
ϑ2
−ϑ1 (−φ, τ) 4 cot(πφ) cot(−πφ) −
NaNb
Q3
i=1 V
(i)
ab
2
(φ, 0,−φ) Z2 − I
Z2,(1·3)
ab NaNbV
(2)
ab
8
(
ϑ2(0,τ)
η3(τ)
)2
ϑ3
ϑ4
(φ, τ)ϑ3
ϑ4
(−φ, τ) 4 − I
Z2,(1·3)
ab NaNbV
(2)
ab
2
(0, φ,−φ) Z2 NaNbI
Z2
ab
4
ϑ2(0,τ)
η3(τ)
ϑ3
ϑ4
(0, τ) ϑ2−ϑ1 (φ, τ)
ϑ3
ϑ4
(−φ, τ) −2 cot(πφ) −NaNbI
Z2,(1·3)
ab V
(2)
ab
2
(φ1, φ2, φ3) 1I NaNbIab
4
ϑ2(0,τ)
η3(τ)
∏3
i=1
ϑ2
−ϑ1 (φ
i, τ) −2∏3i=1 cot(πφi) −NaNbQ3i=1 V (i)ab2
Z2
NaNbI
Z2
ab
4
ϑ2(0,τ)
η3(τ)
ϑ2
−ϑ1 (φ
2, τ)
∏
i=1,3
ϑ3
ϑ4
(φi, τ) −2 cot(πφ2) −NaNbI
Z2,(1·3)
ab V
(2)
ab
2
Table 20: Annulus contributions to the RR tadpole cancellation conditions. ‘insertion’ in the
second column refers to the loop channel interpretation and the prefactors in the third column are
the same as in table 22 except for the factor Na which is absent for the threshold correction to a
SU(Na) gauge coupling. The Z2 action leaves the second torus invariant, ~vZ2 =
1
2(1, 0,−1).
For the annulus we have τ = 2il. The Mo¨bius strip contributions are obtained from the
amplitudes with 1I insertion by setting τ = 2il− 1
2
. In addition there is a factor of -4 coming
from the charge of the orientifold planes.
B.2 Technical details of threshold computation: integrals of Ja-
cobi theta functions
The integral over lattice contributions has been performed in detail in section 3.2.1. Since our
choice of regularization differs slightly from the one used in [32], and the intermediate steps
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Mo¨bius strip
Angle
pi in
se
rt
io
n
π2×
prefactor
RR− sector
oscillators
asymptotics
π
2
×
p
re
fa
ct
or
×
as
y
m
p
to
ti
cs
(0, 0, 0) ΩRθ−k Na
Q3
i=1 V˜
(i)
a,ΩRθ−k
8
(
ϑ2(0,τ)
η3(τ)
)4
16 2Na
∏3
i=1 V˜
(i)
a,ΩRθ−k
(φ,−φ, 0) ΩRθ−k NaI˜
ΩRθ−k,(1·2)
a V˜
(3)
a,ΩRθ−k
2
(
ϑ2(0,τ)
η3(τ)
)2
ϑ2
−ϑ1 (φ, τ)
ϑ2
−ϑ1 (−φ, τ) 4 cot(πφ) cot(−πφ) 2Na
∏3
i=1 V˜
(i)
a,ΩRθ−k
(φ1, φ2, φ3) ΩRθ−k −NaI˜ΩRθ−ka ϑ2(0,τ)η3(τ)
∏3
i=1
ϑ2
−ϑ1 (φ
i, τ) −2∏3i=1 cot(πφi) 2Na ∏3i=1 V˜ (i)a,ΩRθ−k
Table 21: Mo¨bius strip contributions to the RR tadpole cancellation conditions. The prefactors in
the third column are the same as in table 23.
in the computation of the relevant integrals over Jacobi theta functions and their derivative
are different, we briefly present them here.
The integrals over oscillator contributions are performed as follows. For the annulus and
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i = 1, 4,
∞∫
0
dllε
ϑ′i
ϑi
(ν, 2il) = π cot(πν) δi1
∞∫
0
dllε
+ 4π
∞∑
n,k=1
sin(2πνk)
∞∫
0
dllεe−4pil(n−
δi4
2
)k
= π cot(πν) δi1
∞∫
0
dllε
+
1
(4π)ε
∞∑
k=1
sin(2πν k)
k1+ε
∞∑
n=1
1
(n− δi4
2
)1+ε
∞∫
0
dxxεe−x
= π cot(πν) δi1
∞∫
0
dllε
+
1
(4π)ε
∞∑
k=1
sin(2πν k)
k1+ε
[
δi1 + (2
1+ε − 1) δi4
]
ζ(1 + ε)Γ(1 + ε)
= π cot(πν) δi1
∞∫
0
dl
+
1
ε
∞∑
k=1
sin(2πν k)
k
−
∞∑
k=1
sin(2πν k) ln(4πk)
k
+ 2 ln(2) δi4
∞∑
k=1
sin(2πν k)
k
+O(ε),
(172)
with the Gamma and Riemann zeta function
Γ(1 + ε) ≡
∞∫
0
xεe−xdx = 1− γε+
(
π2
12
+
γ2
2
)
ε2 +O(ε3),
ζ(1 + ε) ≡
∞∑
k=1
1
k1+ε
=
1
ε
+ γ − γ1ε+ γ2
2
ε2 +O(ε3),
(173)
and γ ≃ 0.5772 the Euler Mascheroni constant.
Up to this point, all expressions are periodic in ν mod 1. In the range 0 < |ν| < 1, the sums
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in (172) are Fourier sine expansions,
∞∑
k=1
sin(2πν k)
k
= π
(
sgn(ν)
2
− ν
)
,
∞∑
k=1
sin(2πν k) ln(4πk)
k
= π
(
1
2
ln
(
Γ(|ν|)
Γ(1− |ν|)
)sgn(ν)
− [ln2− γ][ν − sgn(ν)
2
]
)
,
(174)
leading to (0 < |ν| < 1)
1
π
∞∫
0
dllε
ϑ′i
ϑi
(ν, 2il) = cot(πν) δi1
∞∫
0
dl +
(
1
ε
+ γ − ln 2
)(
sgn(ν)
2
− ν
)
− 1
2
ln
(
Γ(|ν|)
Γ(1− |ν|)
)sgn(ν)
+ δi4 ln 2 (sgn(ν)− 2 ν) .
(175)
In order to extract the one-loop running due to massless strings, the dimensional regulariza-
tion has to agree with the one for the lattice contributions in section 3.2.1, i.e.
ln
(
Mstring
µ
)2
≡ 1
ε
+ γ − ln 2. (176)
The first line in (175) consists now of a tadpole term and the contribution to the beta function
coefficient from massless string states, whereas the second line provides the contribution of
the massive strings to the gauge thresholds.
The Mo¨bius strip has as the second argument in the Jacobi theta functions 2il − 1
2
leading
84
to
∞∫
0
dllε
ϑ′1
ϑ1
(ν, 2il − 1
2
) = π cot(πν)
∞∫
0
dllε
+ 4π
∞∑
n,k=1
(−1)kn sin(2πνk)
∞∫
0
dllεe−4pilnk
= π cot(πν)
∞∫
0
dllε
+
1
(4π)ε
∞∑
k=1
sin(2πν k)
k1+ε
∞∑
n=1
(−1)kn 1
n1+ε
Γ(1 + ε)
= π cot(πν)
∞∫
0
dl
+
1
2 ε
[ ∞∑
k=1
sin(2πν k)
k
+
∞∑
k=1
(−1)k sin(2πν k)
k
]
− ln(2)
2
[ ∞∑
k=1
sin(2πν k)
k
−
∞∑
k=1
(−1)k sin(2πν k)
k
]
− 1
2
[ ∞∑
k=1
sin(2πν k) ln(4πk)
k
+
∞∑
k=1
(−1)k sin(2πν k) ln(4πk)
k
]
+O(ε).
(177)
In order to rewrite this expression, two more Fourier sine expansions are needed, again valid
in the range 0 < |ν| < 1,
∞∑
k=1
(−1)k sin(2πν k)
k
= −π ν + π sgn(ν)H
(
|ν| − 1
2
)
,
∞∑
k=1
(−1)k sin(2πν k) ln(4πk)
k
=
π
2
ln
Γ(ν + 1
2
− sgn(ν)H(|ν| − 1
2
))
Γ(1
2
− ν + sgn(ν)H(|ν| − 1
2
))
− π[ln2− γ]
[
ν − sgn(ν)H
(
|ν| − 1
2
)]
,
(178)
where the Heavyside step function
H(x) =


1 0 < x
1
2
x = 0
0 x < 0
(179)
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has been introduced.
For the range 0 < |ν| < 1, the Mo¨bius strip oscillator contribution is thus of the form
1
π
∫ ∞
0
dllε
ϑ′1
ϑ1
(ν, 2il − 1
2
) = cot(πν)
∫ ∞
0
dl
+
(
1
ε
+ γ − ln 2
)(
sgn(ν)
4
[
1 + 2H(|ν| − 1
2
)
]
− ν
)
− ln 2
4
sgn(ν)
[
1− 2H(|ν| − 1
2
)
]
− 1
4
ln
(
Γ(|ν|)
Γ(1− |ν|)
)sgn(ν)
− 1
4
ln
Γ(ν + 1
2
− sgn(ν)H(|ν| − 1
2
))
Γ(−ν + 1
2
+ sgn(ν)H(|ν| − 1
2
))
+O(ε).
(180)
The first line contains the tadpole, the second one the beta function coefficient and the
remaining three lines the contribution to the gauge thresholds.
C Tables of gauge threshold computations
In this appendix, we collect the computation of the annulus and Mo¨bius strip diagrams which
contribute to the gauge threshold. The case for one vanishing angle is explained in detail in
sections 3.4 and 3.5.
86
Annulus amplitudes for gauge thresholds of SU(Na)
π(φ
(1)
ab , φ
(2)
ab , φ
(3)
ab )
i
n
s
e
r
t
i
o
n
π2×
prefactor
Ainsertioncompact (α, β; {φ(i)}; 2il)
∑
(α,β)
(−1)2(α+β) ϑ
′′[αβ](0,2il)
η3(2il)
Ainsertioncompact ({φ(i)};2il)
pi2
∣∣∣P
i
φi=0
(0, 0, 0) 1I −
Nb
„
3Q
i=1
V
(i)
ab
«
32
(
3∏
i=1
L˜(i)ab (l)
)(
ϑ[αβ](0,2il)
η3(2il)
)3
0
Z2 − I
Z2,(1·3)
ab NbV
(2)
ab
8
L˜(2)ab (l)
ϑ[αβ](0,2il)
η3(2il)
(
ϑ[α+1/2β ]
ϑ[ 01/2]
(0, 2il)
)2
4 L˜(2)ab (l)
π(φ,−φ, 0) 1I −NbI
(1·2)
ab V
(3)
ab
8
L˜(3)ab (l)
ϑ[αβ](0,2il)
η3(2il)
ϑ[αβ]
ϑ[1/21/2]
(φ, 2il)
ϑ[αβ]
ϑ[1/21/2]
(−φ, 2il) 4 L˜(3)ab (l)
π(φ, 0,−φ) Z2 −NbI
Z2,(1·3)
ab V
(2)
ab
8
L˜(2)ab (l)
ϑ[αβ](0,2il)
η3(2il)
ϑ[α+1/2β ]
ϑ[ 01/2]
(φ, 2il)
ϑ[α+1/2β ]
ϑ[ 01/2]
(−φ, 2il) 4 L˜(2)ab (l)
π(0, φ,−φ) Z2 NbI
Z2
ab
4
ϑ[α+1/2β ]
ϑ[ 01/2]
(0, 2il)
ϑ[αβ]
ϑ[1/21/2]
(φ, 2il)
ϑ[α+1/2β ]
ϑ[ 01/2]
(−φ, 2il) − 2
pi
(
ϑ′1
ϑ1
(φ, 2il) +
ϑ′4
ϑ4
(−φ, 2il)
)
π(φ(1), φ(2),−∑2k=1 φ(k)) 1I NbIab4 3∏
i=1
ϑ[αβ]
ϑ[1/21/2]
(φ(i), 2il) − 2
pi
3∑
i=1
ϑ′1
ϑ1
(φ(i), 2il)
Z2
NbI
Z2
ab
4
ϑ[αβ]
ϑ[1/21/2]
(φ(2), 2il)
∏
i=1,3
ϑ[α+1/2β ]
ϑ[ 01/2]
(φ(i), 2il) − 2
pi
(
ϑ′1
ϑ1
(φ(2), 2il) +
∑
i=1,3
ϑ′4
ϑ4
(φ(i), 2il)
)
Table 22: The annulus contributions to the gauge threshold calculations. In the first column, the relative angles are listed, in
the second the loop channel insertion, in the third the combinatorial prefactor consisting of intersection numbers and additional
factors arising in the transformation from loop to tree channel. These prefactors and the compact contributions listed in the fourth
column are the same for the vacuum RR tadpole calculation in table 20 except for the missing factor Na. Finally, in the last
column the sum over spin structures for all, compact and non-compact, oscillator contributions is performed.
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Mo¨bius amplitudes for gauge thresholds of SU(Na)
π(φ
(1)
a,ΩRθ−k , φ
(2)
a,ΩRθ−k , φ
(3)
a,ΩRθ−k) !
i
n
s
e
r
t
i
o
n
π2×
prefactor
M insertioncompact (α, β; {φ(i)}; 2il − 12)
∑
(α,β)
(−1)2(α+β) ϑ
′′[αβ](0,2il− 12 )
η3(2il− 1
2
)
M insertioncompact ({φ(i)};2il− 12 )
pi2
∣∣∣P
i
φi=0
(0, 0, 0) ΩRθ−k
3Q
i=1
V˜
(i)
a,ΩRθ−k
8
(
3∏
i=1
L˜(i)
a,ΩRθ−k(l)
)(
ϑ[αβ](0,2il− 12 )
η3(2il− 1
2
)
)3
0
π(φ,−φ, 0) ΩRθ−k I˜
ΩRθ−k,(1·2)
a V˜
(3)
a,ΩRθ−k
2
L˜(3)
a,ΩRθ−k(l)
ϑ[αβ](0,2il− 12 )
η3(2il− 1
2
)
ϑ[αβ]
ϑ[1/21/2]
(φ, 2il − 1
2
)
ϑ[αβ]
ϑ[1/21/2]
(−φ, 2il − 1
2
)
4 L˜(3)
a,ΩRθ−k(l)
π(φ(1), φ(2),−
2∑
i=1
φ(i)) ΩRθ−k −I˜ΩRθ−ka
3∏
i=1
ϑ[αβ]
ϑ[1/21/2]
(φ(i), 2il − 1
2
) − 2
pi
3∑
i=1
ϑ′1
ϑ1
(φ(i), 2il − 1
2
)
Table 23: Mo¨bius strip amplitudes contributing to the gauge thresholds. The notation is the same as in table 22, and up to the
factor Na which is absent for an SU(Na) gauge threshold, the prefactors are identical to those in table 21.
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Gauge threshold contributions to SU(Na) per sector
Annulus :Angle
pi
i
n
s
e
r
t
i
o
n
tadpole ln
(
Mstring
µ
)2
∆
(0, 0, 0) 1I − − −
Z2 − I
Z2,(1·3)
ab Nb V
(2)
ab
2
(−1)τab0 +1 2Nb
∏3
i=1 δσiab,0 δτ iab,0
= − I
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ab Nbδσ2
ab
,0
δ
τ2
ab
,0
2
I
Z2,(1·3)
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2
δσ2ab,0δτ2ab,0 ln
(
2πv2V
(2) η4(iv2)
)
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I
Z2,(1·3)
ab Nb
2
(
1− δσ2ab,0δτ2ab,0
)
ln
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2
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(3)
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(1·2)
ab −Nb2 δσ3ab,0 δτ3ab,0 I
(1·2)
ab
Nb
2
I
(1·2)
ab δσ3ab,0δτ3ab,0 ln
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2πv3V
(3) η4(iv3)
)
+Nb
2
I
(1·2)
ab
(
1− δσ3ab,0δτ3ab,0
)
ln
∣∣∣∣e−pi(σ3ab)2v3/4 ϑ1( τ3ab2 −iσ3ab2 v3,iv3)η(iv3)
∣∣∣∣2
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Nb
2
I
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(
2πv2V
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)
+Nb
2
I
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(
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ln
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(2)
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2
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2
ln(2) (sgn(φ)− 2φ)
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2
I
Z2
ab
2
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IZ2ab ln(2)
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j=1,3
(
sgn(φ
(j)
ab )− 2φ(j)
)
Mo¨bius:Angle
pi
(0, 0, 0) ΩRθ−m − − −
(φ,−φ, 0) ΩRθ−m 2 V˜ (3)aΩRθ−m I˜ΩRθ
−m,(1·2)
a δσ3
aa′
,0 δτ3
aa′
,0 I˜
ΩRθ−m,(1·2)
a
−I˜ΩRθ−m,(1·2)a δσ3
aa′
,0δτ3
aa′
,0 ln
(
4πv˜3V˜
(3) η4(iv˜3)
)
−I˜ΩRθ−m,(1·2)a
(
1− δσ3
aa′
,0δτ3
aa′
,0
)
ln
∣∣∣∣∣e−pi(σ3aa′ )2v˜3/4 ϑ1(
τ3
aa′
2
−iσ
3
aa′
2
v˜3,iv˜3)
η(iv˜3)
∣∣∣∣∣
2
(φ(1), φ(2),−∑2i=1 φ(i))
0 < |φ(i)|, |φ(j)| ≤ |φ(k)| < 1
sgn(φ(i)) = sgn(φ(j))
6= sgn(φ(k))
ΩRθ−m 2 ∑3i=1 V˜ (i)a,ΩRθ−m I˜ΩRθ−m,(j·k)a I˜ΩRθ−ma [H(|φ(k)| − 12)− 12] · sgn(φ(k))
I˜ΩRθ
−m
a ln(2) sgn(φk) ·
[
H(|φ(k)| − 1
2
) + 1
2
]
− I˜ΩRθ
−m
a
2
∑3
n=1 ln
(
Γ(|φ(n)|)
Γ(1−|φ(n)|)
)sgn(φ(n))
− I˜ΩRθ
−m
a
2
∑3
n=1 ln
(
Γ(φ(n)+ 1
2
−sgn(φ(n))·H(|φ(n)|− 1
2
))
Γ( 1
2
−φ(n)+sgn(φ(n))·H(|φ(n)|− 1
2
))
)
Table 24: Contributions per sector to the threshold calculation. The first column contains the relative angles between two branes
or branes and orientifold planes, the second one specifies if a untwisted or twisted contribution is computed. The third column
contains the prefactors of the tadpole term
∫∞
0 dl, the fourth the contribution to the beta function coefficient due to massless string
states and the last one the gauge threshold correction that arises from massive strings.
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